Definitions

@ Vector space Vor R":

collection of all vectors with n components

Example: R*

@ Subspace 8§ of V:
collection of all vectors satisfying the following:
e for any vectors X &y inside 8, all of their linear combinations are also inside 8
(which also implies that 8 includes the zero vector)

Examples: plane, line or zero vectorin R*® (through the origin)

(@ Complementary subspaces 81 & 82 of V satisfy following conditions:
® intersect only at 0
* every vector X in V can be written uniquely as X = X1 + X2 with X1 in 81 and X2 in
82
or, equivalently, 81 & 82 span V

@ Orthogonal subspaces 81 & 82 satisfy following condition:
every vector in 81 is orthogonal to every vector in 82

Note:
* Complementary does not imply orthogonal
* Orthogonal does not imply complementary (S1 & $2 may not span V)
® S2 as the set of ALL vectors orthogonal to all vectors in 81
does imply complementary (81 & 82 span V)
* If 81 & 82 are complementary,
most vectors do not lie entirely in 81 or §2:
they have components in both 81 & 82
* Complementary is a dimension condition:
dim(81) + dim(82) = dim(V) and §1 n 82 = {0}



The four subspaces of A: introduction

Suppose A is an (m=6)x(n=7) matrix with rank r=4
* r independent rows highlighted (left)
» r independent columns highlighted (right):
independent rows & columns may appear in any order

Matrix-vector product AxX is defined for all nx1 vectors X

® Domain of A is the set of all X where AxX is defined
o

Rn

Domain of Aor R" can be decomposed into two complementary subspaces:



(D All linear combinations of independent rows of A,

shown as an r-dimensional subspace of R"

called row space of A
&

independent rows of A provide a basis for this subspace

@ Subset of all X where AxX = 0, called null space of A

(here each vector represents a direction: the whole line {c x X: ceR })

* null space ® row space = R" or the two subspaces are complements of each other

This statement means the following is true:
> their dimensions add up to n
> they do not overlap or, equivalently, the only intersection is zero vector

> every vector X in R" has a unique representation as (X|| € row space) + (XL € null space)

* Note that for every X in the null space, AxX =0

]

a' -Xx=0 (ai arerowsofA)



!

every vector in null space is orthogonal to every vector in row space

® Codomain of A is the set of all vectors b of size m

!
Rm

Codomain of Aor R™ also can be decomposed into two complementary subspaces:

3 Range (column space) of A: subset of b that can be written as b = AxX
where any B is a linear combination of columns of A with coefficients from X
l
Range of A is the set of all linear combinations of columns of A
o

columns of A provide a basis for this subspace

@ Left null space of A: subset of B where B" x A =0

shown as (m-r)-dimensional subspace of R"



® column space ® left null space = R™ or the two subspaces are complements of each other
This statement means the following is true:
> their dimensions add up to m (r + (m-r) = m)
> they do not overlap or, equivalently, the only intersection is zero vector

> every vector Bin R™ has a unique representation as (B|| € column space) + (6L € left null space)

* Note that for every b in the left null space, B" x A =0
!

B"- a' =0 (ai arecolumnsofA)

!

every vector in left null space is orthogonal to every vector in column space
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Geometric interpretation of the four subspaces of A

Suppose we have a 3x2 matrix A =[a; | a,]
where &, & &, are linearly independent vectors in R3,
so rank(A) = 2



(D Domain(A) = B2, an abstract 2D coefficient space, or an abstract plane

@ null space(A) or all directions in the domain (R?) that produce 0 output:
For the given A, only the 0 vector:
® Dimension: n-r=0 in R2
* Every vector from the domain produces a unique output
N
Transformation is one-to-one

3 row space(A)

While rows of A cannot be directly visualized in the same image as columns,
row space is the set of all vectors in the domain that are orthogonal to null space,
or, equivalently,
set of all vectors that have O component in the null space
For the given A, all vectors in R? satisfy the condition
® Dimension: r=2 in R2

@ Codomain(A) is the set of all vectors in R3

® column space(A) or all linear combinations of &; & 4,
or the plane spanned by the two vectors
in R® and expressed in 3D coordinates
® Dimension: r=2 in R3
* Output does not fill the codomain
&
Transformation is not onto

® 2-null space(A) or all directions in the codomain (R3) orthogonal to column
space:
all vectors along the orthogonal line, shown in purple
¢ Dimension: m-r=1 in R3

@ Matrix A



* takes a set of all vectors in R? and transforms them in a way that
* (1, 0) maps to &,
* (0, 1) maps to ,
e all other vectors X follow as x d; + x a,, which fills the blue plane in R3

Matrix AT
e takes vectors in R3 and transforms them in a way that
* & maps to A'A column 1
* 3, maps to A'A column 2
e all other 3D vectors y 'follow suit' and are now expressed in 2D coordinates

@ Matrix ATA acts entirely inside R? in a way that
* (1, 0) maps to A'A column 1
* (0, 1) maps to A'A column 2
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The four subspaces of A: summary table
* Domain (R") = row space ® null space

® Codomain (R™) = column space ® £-null space



Space Livesin Dim Defined by 1 Complement How it arises Interpretation

null space(A) Rn n—-r all X satisfying AX=0 row space(A) ComputedA;rzrr(; property: ln;:;i:c;zz:;::t
owspaceld)  RY 1 spanowsof A nllspaceldl oy e et )
col space(A) R r span{cols of A} -null space(A) Geom:z::;a‘lzlzlizu::ructed g:tizt;zzztzr:;:j
tnull spaceld) | RE m=r aalnlllyy'sj.:i?g;?r?gA;"y: =0(?'r col space(A) orthclgf:r:zc:: f:ol(A) have nooct::ri:to:i;i‘t:tii: r::ilt::\tn space

Note how the 'deduced' space orthogonal to null(A) becomes row space:
suppose
eB=A"andB"=A
* row space(A) = col space (B) & col space (B) = row space(A)
* vector y satisfying y' B = 0" is in the £-null space (B)
* same vector y also satisfies B'y = 0, same as Ay =0
* same vector y belongs to null space (A)
e orthogonal complement of £-null space (B) is column space (B), same as row
space (A)
!

The set of all vectors orthogonal to null space(A) is precisely the row space(A)

We propose starting with the two primary spaces:

1. column space(A) in R™ (what A can produce, can be visualized directly)

2. null space(A) in R" (solutions to AX = 0, can be computed directly)

The remaining two subspaces are inferred as orthogonal complements to the
primary ones
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Geometric view of transformations by A, A" & A'A

We are looking at the same 3x2 matrix A =[a; | a, ]
with linearly independent &, and &, in R3 and rank(A) = 2

Transformations by A, followed by A"

‘x;\L‘, l&’—":’
/I

-\ I

= R

Direct transformation by AA



L_ A'A

Note changing relationship between a; & a,:
® They start as orthogonal
e After transformation by A, the grid loses squareness
* A'A brings this non-square grid back to R? and
the final AA grid looks more distorted than the grid seen in the embedded plane
in R®
This is because A'A applies the same distortion twice:
once to embed the grid via A and once pull that geometry back via A

Suppose 3, & &, are orthogonal with length = 1:
In this case A'A is identity and the grid returns to original state

This is how to measure 'grid distortion' by A:
Suppose we have vectors X & y in the original plane, so their dot product = X" - y

After transformation by A, dot product becomes
AR - (AF) =T AA - §=5 - (NAY)
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The four subspaces of AT

We now apply the same construction to the transpose matrix A™:
rows of AT are columns of A, and columns of A" are rows of A

Space Lives in Dim Spanned by 1 Complement
row space(A") Rm r  Rows of A" (Cols of A)  null space(A")
null space(A) R  m-r all Xsatisfying A"x=0 row space(A")
col space(A) R r  Cols of A" (Rows of A) £-null space(A")

2-null space(A’)  R" n—r all bsatisfying AB=0 col space(A)

Connecting the null spaces of A and A’
D null(A) = 2-null(A")

Proof:
Let X be a vector in R"

Recall the transpose identity for matrix-vector multiplication:
AX) =X A

Now prove set inclusion in both directions
»1f X € null(A), then AX =0
Taking transpose gives (AX)'=0"=0
Using the identity above, X’ A" =0
So X € £-null(A")

»1f X € 2-null(A"), then X" AT =0



Taking transpose gives (X" A)' =0
But X' A" = AX
So AX =0, hence X € null(A)

Since each set is contained in the other, the two sets are equal
@ 2-null(A) = null(A")

Proof:
Let y be a vector in R™

Recall the transpose identity:
(y’T )T — ATg)I

> If y € £-null(A), theny" A=0
Taking transpose gives A"y =0
Soy e null(A")

» 1f ¥ e null(A"), then ATy =0
Taking transpose gives y' A =0
Soy e 2-null(A)

Thus the two spaces are also equal
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The four subspaces of A'A

Consider any mxn matrix A

e A'A is nxn matrix, which maps R" to R"



&
Domain of A"A is identical to its codomain

e ATA is symmetric: (A'A)" = ATAT)" = A'A

@D null(ATA) = null(A)
Suppose vector X € null space(A)
or
AX=0
Then
(ATA) X = ATAX) =0
!
null space(A) ¢ null space(A™A) (is a subset of)

To prove the reverse inclusion,
suppose vector y € null space(AA)
or
(A/A)y =0
Multiply on the left by y":
y(A'A)y =0
FATA = (A (A §) = IA ]2
SollAy|2=0=Ay=0
l
null space(A™A) ¢ null(A)

Together:
null space(A"A) = null space(A)

@ ATA is symmetric
!
* row space(A'A) = col space(A'A)
e -null space(A'A) = null space(AA)
!

four subspaces of A reduce to two



Space Lives in Dim Spanned by 1 Complement

row space(A'A) null space(AA)
rows (same as cols)

= Rn r - =
col space(A’A) of A'A £-null space(A™A)

null spa=ce(A A) all X satisfying space(ATA)

£-null space(A'™A) R n-r WA)X=0 =
or .
= 7 (ATA) = 0" col space(A'A)

null space(A)

Suppose A is a 'tall' matrix with m>n and full column rank

]
A'A has full rank = n

!
(ATA) X = A'B has a single solution
Importance of this concept will be illustrated on the next page
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Why do we need this abstract concept?

Suppose we have an inconsistent system of equations A X = b where
* b cannot be presented as a linear combination of columns of A
&

there is no X that satisfies the equation
e A has full column rank & (ATA)" is defined



So we set the goal of finding the closest X

Recall from the page on the four subspaces that every B in R™ (or co-domain of A)

can be written as sum of (Bll e coI(A)) + (Bi € E-null(A))

or

B=05| +bL

Also recall from previous page that £-null(A) = null(A")
!
BL e null(A")
or, by definition,
A"BL =0

To define the goal of finding the closest solution,
we want to solve for such vector that
* belongs to col(A)
* is closest to b

The vector we are looking for happens to be B[,
which takes us to solving
AX =B
or, equivalently,
AX=b-bL

We can multiply both sides by A™:
AAX=A"6-bL)=AB-A"bL=Ab-0

A has full column rank, therefore (A'A)" is defined, and
we can multiply both sides by (A"A)™:
(ATA)T ATAX = (ATA)T AT B
or
x = (ATA)" AT b



Image for (m=3)x(n=2) matrix A with linearly independent columns: r=2
The blue plane is col(A) = span(a,, a,)
The 'unreachable' red vector b is outside span of the columns

We decompose b as b = b||(teal) + bL(magenta)
* B|| € col(A)
* bL 1 col(A)

So b|| is the closest vector to b that lies in col(A)
and the least squares condition is A X = B||

Note that the image shows the following structures:
1. Entire R3
2. Plane as subspace of R3, or R? space in its own right with its own coordinate
system
e Matrix A inputs vectors represented in coordinates of R?
and represents them in coordinates of R3
&

maps R? — R3

e Matrix A" inputs vectors represented in coordinates of R3
and represents them in coordinates of R?
&

maps R3 — R2

J
left-multiplying by AT takes b and outputs a 2D vector

whose entries are dot products with directions a; and a,
These numbers describe how B|| aligns with the spanning directions of the plane
They are not yet the expansion coefficients:
The expansion coefficients X are obtained by solving A'A X = A'b as demonstrated
above



Tying it all together



Condition Equivalent to

* AX =0 has only trivial solution
* no free variables
e if AX1 = AX2 then X1 = X2
e transformation is one-to-one

null space = {0}

e A X = § has nontrivial solutions
e free variables exist

e if AX1 = AX2 then X1 and X2 may be different
¢ transformation is not one-to-one

null space # {0}

* column space = codomain
e every b in codomain has a solutionto AX =56
* no impossible outputs
e transformation is onto

£-null space = {0}

* column space # codomain
* some B in codomain have no solutionto AX =6
* outputs with nonzero £-null component cannot be produced
e transformation is not onto

£-null space # {0}

[L]A
W




