
Reflection across a subspace 𝑆 ⊂ ℝⁿ

ℝⁿ = 𝑆 ⊕ 𝑆⊥
(𝑆⊥ is orthogonal complement of 𝑆)

↓
Any vector v⃗ ∈ ℝⁿ can be decomposed into 2 components

‣ v⃗∥ ∈ 𝑆
‣ v⃗⊥ ∈ 𝑆⊥

Reflection across 𝑆 is a function that
‣ preserves v⃗∥ (𝑆 is the fixed subspace)

‣ negates v⃗⊥ (𝑆⊥ is the negated subspace)

Will denote
‣ P: orthogonal projection matrix onto 𝑆

‣ R: reflection matrix
‣ w⃗: reflected vector R v⃗

P v⃗ = v⃗∥
↓

w⃗ = v⃗ - 2v⃗⊥ = v⃗∥ - v⃗⊥
= P v⃗ - v⃗⊥ = P v⃗ - (v⃗ - P v⃗)

= (2 P - I) v⃗
↓

R = 2 P - I

Applying reflection matrix R twice maps v⃗ back to v⃗,
which can be shown algebraically:

R v⃗ = R (v⃗∥ + v⃗⊥)
= v⃗∥ - v⃗⊥

= w⃗



R w⃗ = R (v⃗∥ - v⃗⊥)
= R v⃗∥ - R v⃗⊥

‣ R v⃗∥ = v⃗∥
‣ R v⃗⊥ = -v⃗⊥

↓
R w⃗ = v⃗∥ - (-v⃗⊥)

= v⃗∥ + v⃗⊥
= v⃗
↓

R (R v⃗) = v⃗
↓

R² v⃗ = v⃗
↓

R² = I
↓

R is its own inverse
↓

R is always full rank

Edge cases:
① Reflection across 𝑆 = { 0 }:

v⃗∥ = 0⃗
↓

v⃗⊥ = v⃗
↓

w⃗ = -v⃗
↓

R = -I

② Reflection across 𝑆 = ℝⁿ:
v⃗⊥ = 0⃗
↓

w⃗ = v⃗



↓
R = I

──────────────────────────────

Reflection across a line spanned by u⃗ ⊂ ℝ³

Let 𝑆 be the line we reflect across

𝑆 = span{ u⃗ }
where u⃗ ≠ 0

U = [ u⃗ ]
↓

P (orthogonal projection onto the line) =
U (Uᵀ U)⁻¹ Uᵀ

↓
R (reflection across 𝑆) = 2P - I

Reflection across a line in ℝ³:
‣ preserves 1 direction
‣ negates 2 directions

↓



det(R) = 1

Images show reflection across the line defined by



──────────────────────────────

Reflection across a plane 𝑆 ⊂ ℝ³

Let 𝑆 be the plane we reflect across

𝑆 = span{ u⃗₁, u⃗₂ }
where u⃗₁ and u⃗₂ are linearly independent

U = [ u⃗₁ u⃗₂ ]
↓

P (orthogonal projection onto the plane) = U (Uᵀ U)⁻¹ Uᵀ
↓

R (reflection across 𝑆) = 2 U (Uᵀ U)⁻¹ Uᵀ - I

Reflection across a plane in ℝ³:



‣ preserves 2 directions
‣ negates 1 direction

↓
det(R) = -1

Images show reflection across the plane defined by



──────────────────────────────

The 2 conventions
(convention 1 is used in this tutorial)



──────────────────────────────


