Columns during orthogonalization (2x2)
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Stepwise construction of R during orthogonalization (2x2)
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Columns during orthogonalization (3x3)
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Stepwise construction of R during orthogonalization (3x3)
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What do we learn from gradual orthogonalization

(D Gram-Schmidt orthogonalization is shown as a transformation of space



corresponding to the symbolic manipulation usually presented in teaching
materials

(@ Each subsequent matrix Ay is obtained by right-multiplication
Ak+1 = Ak Sk Dk where
o for k > 2, Sk is a shear matrix

S, =[éleyle;s]
S, =€ 18, 18]
»S, =[& 16 15;]
e Dy is a diagonal scaling matrix
D, =[d; €& 18]

>D2=[é)1|a2|é)3]
>D3=[é)1|é)2|a3]

(3 Right-multiplication changes columns because the columns of AB
are A times the columns of B. For example:
Q=(A,S)D,

(A, S)[é 18 1d;1=[A,S,é 1A S elA S, d;]

i
since Sk and Dy differ from the identity in one active column,
each step changes one column of Ag at a time

@ While the computationally efficient way to compute R is
at the end of the algorithm as R = Q" A,
R is also the accumulated record of the inverse right-side updates
used to orthogonalize the columns:
Ris1 = (Sk D)™ R

(® The upper-triangular shape of R follows from
the upper-triangular shape of every S, D and their inverses

® Q is obtained by removing scale and shear from A as
Ak+1 = Ak Sk |:)k



@ R accumulates the removed scale and shear as
Rke1 = (Sk D)™ Rk

The same idea can be applied to both columns and rows
® Column orthogonalization gives the standard
A=QR
identity by serial right-multiplication
* Row orthogonalization gives the companion
A=LQ
identity by serial left-multiplication




