Simplest case: square full-rank A

A is a square full-rank (n=4)x(n=4) matrix

e dim (row(A)) n

e dim(null(a)) = 0
!

every domain vector is mapped to a unique codomain vector (1)
&

transformation by A is one-to-one

e dim (coI(A)) =n

e dim (£-null(A)) = 0
!

every codomain vector comes from exactly one domain vector (2)
&

transformation by A is onto

from 1 & 2 it follows:
there is a unique matrix A that maps
each codomain vector back to its domain vector



{G} trivial
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row(A) = col(A) col(A) = row(A)
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Tall full-column-rank A

A is a tall full-column-rank (m=6)x(n=4) matrix

e dim (row(A)) =n

e dim (null(A)) = 0
l

every domain vector is mapped to a unique codomain vector
&

transformation by A is one-to-one



e since null(A) = 0, X lies entirely in row(A)

e dim (coI(A)) =n

e dim (E-null(A)) =m-n
1

col(A) does not fill codomain
&

transformation by A is not onto

e every codomain vector u can be uniquely decomposed as
U=V +Ww, where v e col(A) and w e £-null(A)

Since transformation by A is not onto, A" does not exist

However, every vector in col(A) comes from a unique domain vector

and can be mapped back to its domain vector by the pseudoinverse matrix
A= (ATA)TAT

(( " A" is defined because A has full column rank)

Transformations by A*, A* A & A A* where A has full column rank



A A AA*=AA"A)TAT
e A* first: from codomain to domain |
* A next: from domain to codomain A A" is projection onto col(A)

. At A =
: A A. . (AT A (AT A) = |
e A first: from domain to codomain L

* A* next: from codomain to domain At is the left inverse of A
AV =A"AX
(ATATATAX =X
l
A* maps col(A) back to domain

A* on V € col(A)
or

A"w =10
!
A* on W € £-null(A) Arw=ATA'"A"w=0
!
A* maps £2-null(A) to 0

Special example:
full-column-rank matrix Q
with orthonormal columns

projection Q Q" =
QEQ'QrQ'=QQ’

Special example: full-column-rank matrix Q with orthonormal columns
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Wide full-row-rank A

A is a short full-row-rank (m=4)x(n=6) matrix

e dim (row space(A)) =m

e dim (nuII(A)) =n-m
1

row(A) does not fill domain & some domain vectors are mapped to 0



=
transformation by A is not one-to-one

i

A" does not exist

* every domain vector can be decomposed as

X =y + Z, where y € row(A) and Z e null(A)
1
AX=A{Fy+z) =AYy
!

* every U € col(A) comes from infinitely many domain vectors A (y + Z)
with a unique row(A) component y and infinitely many null(A) components Z

o dim(coI(A)) =m

e dim (£-null(A)) = 0
l

transformation by A is onto
e since £-null(A) = 0, U lies entirely in col(A)
Even though A7 does not exist, part of the transformation is reversible:

every U € col(A) can be mapped back to ¥ € row(A) by the pseudoinverse matrix
Ar= AT (A A

((A A')1 is defined because A has full row rank

Transformations by A*, A* A & A A* where A has full row-rank



A*A=
AT(AA)TA

suppose B = AT
i
row(A) = col(B)
projection onto col(B) is
B(B"B)'B"=
AT (AA)T A
!
ATAA)TA=A"A
is orthogonal projection onto row(A)

At A
e A first: from domain to codomain
e A* next: from codomain to domain

A A AA ' =AATAA) =|
e A*first: from codomain to domain !
e A next: from domain to codomain A A*is the right inverse of A
AV =
A A )—E -

(ATA'ATA (Y +2) =
(AT A)T AT A j=
(ATA)T(ATA) Y =
!
A* maps col(A) back to y
or the row space component of X

A*on V € col(A) =

A"w =0
!
A* on w € £-null(A) = A*w=(ATA)TA"wW=0
!

A* maps £-null(A) to 0

Special example: projection Q* Q =
full row-rank matrix Q' Q"QQAQY"Q=Q"'Q
with orthonormal rows
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General rank-deficient

A is a rank-4 matrix of size (m=5)x(n=6)

e dim (row(A)) =r=4

. dim(nuII(A)) =n-r=2



!
some domain vectors are mapped to 0
&

transformation by A is not one-to-one

. - .
* every domain vector x can be uniquely decomposed as

- -

X =y + Z, where y € row(A) and Z e null(A)

e dim (coI(A)) =r=4

e dim (E-nuII(A)) =m-r=1
1

col(A) does not fill codomain
&

transformation by A is not onto

. xd .
* every codomain vector u can be uniquely decomposed as

-

U=V +Ww, where v e col(A) and w € £2-null(A)
While AT does not exist, part of the transformation is reversible:

Suppose A = C R where
e C is mxr matrix of the first r linearly independent columns of A
® R is rxn matrix containing the r non-zero rows of rref(A)

In this case, the pseudoinverse matrix can be written as
At =R+ C*

® R is a full-row-rank matrix = R* = R" (R R")"

¢ Cis a full-column-rank matrix = C*= (C" C)1 C"

1!
A=R"(RR)"(CTC)" CT



Summary for the general rank-deficient case
(see table on the next page)



At A
¢ A first: from domain to codomain
e A* next: from codomain to domain

A A*
e A* first: from codomain to domain
¢ A next: from domain to codomain

A* A ony € row(A)

A* A on Z e null(A)

A* on V € col(A)

A* on w € £-null(A)

ATA=

RRRR)T(C'C)'"C'CR=
RRRR)T(CTO'(C"C)R=

RT(RR)'R

1
orthogonal projection
onto row(R)
same as row(A)

AA* =
CRRTRRY(CTO)'C" =
CRRYRRY(CTO"C' =

ccronc
1
orthogonal projection
onto col(C)
same as col(A)

A* A'is orthogonal projection
onto row(A)
i
A"Ay =y
i
acts as the identity on row(A)

* A* A is orthogonal projection
onto row(A)
* Z has no component in row(A)

!
A*'AZ=0
vV =AY with y € row(A)
!
A'V=A"'Ay=y
!

A* maps col(A) back to row(A)

A'w =10
i
RTC'w=0
i

R" has full column rank = null(R") = {0}

i
Cw=0
i
RRRR)(CTCY'C'w=0



Image 1:

Transformation between domain(A) and codomain(A):

Domain = R°®

null(A) = 0

-
row(A) = col(A)
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Image 2:

Codomain = R?>

2-null(A) = 0

col(A) = row(A)

it

A = C R splits the transformation through an intermediate r-dimensional space:

Ak
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Domain(R)

Domain(A)

R6

R+

Codomain(R)

Domain(C)
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Codomain(C)

Codomain(A)
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Matrix type Invertible Full col-rank Full row-rank General
Size & rank m=n,r=n m>n,r=n m<n,r=m r < min(m,n)
dim(row(A)) n n m r
dim(null(A)) 0 0 n-m n-r
dim(col(A)) m n m r
dim(2-null(A)) 0 m-n 0 m-r
One-to-one? yes yes no no
Onto? yes no yes no
Domain X=y X=y X=y+2 X=y+2
decomposition y € row(A) y € row(A) y € row(A), Z € null(A) y € row(A), Z € null(A)
Codomain u=v U=v+w i=v U=v+w
decomposition vV € col(A) Vv € col(A), W € £-null(A) Vv € col(A) V € col(A), w € £-null(A)
Aonrow(A) A mapsrow(A) to col(A) A maps row(A) to col(A) A maps row(A) to col(A) A maps row(A) to col(A)
A on null(A) null(A) = {0} null(A) = {0} A maps null(A) to 8 A maps null(A) to 8
A*on col(A) A" maps col(A) to row(A) A* maps col(A) to row(A) A* maps col(A) to row(A)  A* maps col(A) to row(A)
A* on 2-null(A) £-null(A) = {0} A* maps ¢-null(A) to 8 2-null(A) = {0} A* maps £-null(A) to 0
A A I | projection onto row(A) projection onto row(A)
AA Identity projection onto col(A) Identity projection onto col(A)
A or A A" exists A= (ATA)TAT A =A" (AA)! A'=R"RR(CC)' CT
Functions as true inverse left inverse right inverse * bridge: col(A) «» row(A)

LA

* maps both null spaces to 0

Example of A: R® = R?, A": R? = R3



i 1 -2 05

2x3 rank-2 matrix A=[a, 13,135 ] =
Ll (051 1

~0.254 =0.335
A= | =-0.324 =0.301

~0.197 =0.532

@ First, we look at transformation A* A: apply A, then A*

The 3D image shows domain(A) = R3
e row(A) is the plane in R3 spanned by the two independent rows T; and T,
* null(A) is the magenta line orthogonal to that plane
every vector in the null(A) is lost under multiplication by A
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The 2D image shows codomain(A) and domain(A*) = R2
The basis vectors of R® are mapped to the column vectors
e A€, = a(red)

e A€, = a)(green)

* A€, = d;(blue)

The next 3D image shows codomain(A*) = R3 and vectors
* A* A € (red)
* A* A E, (green)
e A* A &; (blue)
as orthogonal pro'ection onto row(A)
All three vectors now lie in row(A), regardless of their original direction
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@ Next, we look at transformation A A*: apply A*, then A

Domain(A®) is an abstract 2D plane

e codomain(A*) = domain(A) = R3
* the plane on this image is col(A*) = row(A)
(its orientation is the same as the blue plane on the 3D image above)

Applying A to the 3D space
* eliminates all vectors orthogonal to the plane
* maps all vectors inside the plane back to their source in R?
(A A* acts as the identity)







