
Simplest case: square full-rank A

A is a square full-rank (n=4)×(n=4) matrix

↓
every domain vector is mapped to a unique codomain vector (1)

⇔
transformation by A is one-to-one

↓
every codomain vector comes from exactly one domain vector (2)

⇔
transformation by A is onto

from 1 & 2 it follows:
there is a unique matrix A⁻¹ that maps

each codomain vector back to its domain vector
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Tall full-column-rank A

A is a tall full-column-rank (m=6)×(n=4) matrix

↓
every domain vector is mapped to a unique codomain vector

⇔
transformation by A is one-to-one



• since null(A) = 0,⃗ x⃗ lies entirely in row(A)

↓
col(A) does not fill codomain

⇔
transformation by A is not onto

• every codomain vector u⃗ can be uniquely decomposed as
u⃗ = v⃗ + w⃗, where v ⃗∈ col(A) and w⃗ ∈ ℓ-null(A)

Since transformation by A is not onto, A⁻¹ does not exist

However, every vector in col(A) comes from a unique domain vector
and can be mapped back to its domain vector by the pseudoinverse matrix

A⁺ = (Aᵀ A)⁻¹ Aᵀ

Transformations by A⁺, A⁺ A & A A⁺ where A has full column rank



Special example: full-column-rank matrix Q with orthonormal columns
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Wide full-row-rank A

A is a short full-row-rank (m=4)×(n=6) matrix

↓
row(A) does not fill domain & some domain vectors are mapped to 0⃗



⇔
transformation by A is not one-to-one

↓
A⁻¹ does not exist

• every domain vector can be decomposed as
x⃗ = y⃗ + z⃗, where y⃗ ∈ row(A) and z⃗ ∈ null(A)

↓
A x⃗ = A (y⃗ + z)⃗ = A y⃗

↓
• every u⃗ ∈ col(A) comes from infinitely many domain vectors A (y⃗ + z⃗)

with a unique row(A) component y⃗ and infinitely many null(A) components z⃗

↓
transformation by A is onto

• since ℓ-null(A) = 0⃗, u⃗ lies entirely in col(A)

Even though A⁻¹ does not exist, part of the transformation is reversible:
every u⃗ ∈ col(A) can be mapped back to y⃗ ∈ row(A) by the pseudoinverse matrix

A⁺ = Aᵀ (A Aᵀ)⁻¹

Transformations by A⁺, A⁺ A & A A⁺ where A has full row-rank
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General rank-deficient

A is a rank-4 matrix of size (m=5)×(n=6)



↓
some domain vectors are mapped to 0⃗

⇔
transformation by A is not one-to-one

• every domain vector x⃗ can be uniquely decomposed as
x⃗ = y⃗ + z⃗, where y⃗ ∈ row(A) and z⃗ ∈ null(A)

↓
col(A) does not fill codomain

⇔
transformation by A is not onto

• every codomain vector u⃗ can be uniquely decomposed as
u⃗ = v⃗ + w⃗, where v ⃗∈ col(A) and w⃗ ∈ ℓ-null(A)

While A⁻¹ does not exist, part of the transformation is reversible:

Suppose A = C R where
• C is m×r matrix of the first r linearly independent columns of A

• R is r×n matrix containing the r non-zero rows of rref(A)

In this case, the pseudoinverse matrix can be written as
A⁺ = R⁺ C⁺

↓
A⁺ = Rᵀ (R Rᵀ)⁻¹ (Cᵀ C)⁻¹ Cᵀ



Summary for the general rank-deficient case
(see table on the next page)





Image 1:
Transformation between domain(A) and codomain(A):

Image 2:
A = C R splits the transformation through an intermediate r-dimensional space:
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① First, we look at transformation A⁺ A: apply A, then A⁺

The 3D image shows domain(A) = ℝ³
• row(A) is the plane in ℝ³ spanned by the two independent rows r⃗₁ and r⃗₂

• null(A) is the magenta line orthogonal to that plane
every vector in the null(A) is lost under multiplication by A



The 2D image shows codomain(A) and domain(A⁺) = ℝ²
The basis vectors of ℝ³ are mapped to the column vectors

• A e⃗₁ = a⃗₁(red)
• A e⃗₂ = a⃗₂(green)
• A e⃗₃ = a⃗₃(blue)

The next 3D image shows codomain(A⁺) = ℝ³ and vectors
• A⁺ A e⃗₁ (red)

• A⁺ A e⃗₂ (green)
• A⁺ A e⃗₃ (blue)

as orthogonal projection onto row(A)
All three vectors now lie in row(A), regardless of their original direction



② Next, we look at transformation A A⁺: apply A⁺, then A

Domain(A⁺) is an abstract 2D plane

• codomain(A⁺) = domain(A) = ℝ³
• the plane on this image is col(A⁺) = row(A)

(its orientation is the same as the blue plane on the 3D image above)

Applying A to the 3D space
• eliminates all vectors orthogonal to the plane

• maps all vectors inside the plane back to their source in ℝ²
(A A⁺ acts as the identity)
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