
Orthogonal projection
of vector v⃗

onto direction of vector u⃗

Suppose u⃗ and v⃗ are vectors in ℝⁿ and u⃗ ≠ 0⃗

Projection of v⃗ onto u⃗, or v⃗∥, is
• a scalar multiple of u⃗:

• chosen so that v⃗⊥ = v⃗ - v⃗∥ is orthogonal to u⃗:
u⃗ ⋅ v⃗⊥ = 0

u⃗ ⋅ v⃗⊥ = u⃗ ⋅ (v ⃗- v⃗∥) =
u⃗ ⋅ v⃗ - u⃗ ⋅ v⃗∥ =
u⃗ ⋅ v⃗ - u⃗ ⋅ (s u⃗) =
u⃗ ⋅ v⃗ - s (u⃗ ⋅ u⃗) = 0

↓

↓

The image shows several candidate multiples of u⃗
Only v⃗∥ makes the leftover vector v⃗⊥ perpendicular to u⃗



Since we are projecting onto the 1-dimensional span(u⃗),
this idea generalizes to ℝ³ or ℝⁿ

──────────────────────────────

Orthogonal projection of
vector v⃗

onto columns of U = [ u⃗₁, u⃗₂, ..., u⃗ᵣ ]

For a higher-dimensional subspace, the same idea applies
Let U = [ u⃗₁ ... u⃗ᵣ ], where the columns of U are independent

We look for v⃗∥ in span(u⃗₁, ..., u⃗ᵣ), so
v⃗∥ = U c⃗

We choose c ⃗so that the leftover vector v⃗⊥ is perpendicular



to every column of U:
Uᵀ v⃗⊥ = 0⃗

Since v⃗ = v⃗⊥ + v⃗∥, we have
v⃗⊥ = v⃗ - v⃗∥ = v⃗ - U c⃗

↓
Uᵀ(v⃗ - U c⃗) = 0⃗
Uᵀv⃗ - UᵀU c⃗ = 0⃗

↓
(Uᵀ U) c⃗ = Uᵀ v⃗

↓
c⃗ = (Uᵀ U)⁻¹ Uᵀ v⃗

↓
the projection of v ⃗onto span(u⃗₁, ..., u⃗r ) is

v⃗∥ = U c⃗ = U (Uᵀ U)⁻¹ Uᵀ v⃗
↓

the projection matrix onto span(u⃗₁, ..., u⃗ᵣ) is
P = U (Uᵀ U)⁻¹ Uᵀ

While every vector on the blue plane is a candidate for v⃗∥,
only one satisfies the orthogonality condition

Note: c⃗ ∈ ℝʳ, while v⃗ and v⃗∥ ∈ ℝⁿ



↓
c⃗ cannot be drawn directly; it only gives the coefficients for

v⃗∥ = U c⃗

──────────────────────────────

Orthogonal vs general projection (optional reading)

To define projection, we need 2 complementary subspaces:
① Subspace to project onto, denote as 𝒫

② Subspace that contains the residual, denote as ℛ

Recall definition of complementary:



• 𝒫 ∩ ℛ = 0⃗ (condition 1)
• 𝒫 ⊕ ℛ = ℝᵐ (condition 2)

Suppose we are projecting onto columns of a full-column-rank m×n matrix U:
𝒫 = col(U)

We know that col(U) has an orthogonal complement:
ℓ-null(U) = null(Uᵀ),

and that defines ℛ for orthogonal projection

Next, we define ℛ for general projection:

Suppose there is another full-column-rank m×n matrix S
Assume SᵀU is invertible

To prove condition 1, use the rank formula for matrix product:

Since U has full column rank, rank(U) = n
Since SᵀU is invertible, rank(SᵀU) = n

↓

↓

↓
col(U) ∩ null(Sᵀ) = 0⃗

(condition 1)

To prove condition 2:

because U has n linearly independent columns



Also rank(Sᵀ) = rank(S) = n
so by rank-nullity,

Therefore

Together with condition 1,
col(U) ⊕ null(Sᵀ) = ℝᵐ

(condition 2)

So ℛ = null(Sᵀ) = ℓ-null(S) defines a valid complementary subspace

Orthogonal projection is the special case S = U

Comparison table,
including side-by-side derivation of projection matrix





Visual examples of orthogonal (l) & general (r) projections in ℝ²
• v⃗: blue vector

• u⃗₁: green vector
• U = [ u⃗₁ ]

• col(U): green dotted line

──────────────────────────────

Properties of P

Ⓐ
P is idempotent which means

it acts once even when applied repeatedly:

① P(orthogonal projection) = U (UᵀU)⁻¹ Uᵀ



P² = U (Uᵀ U)⁻¹ Uᵀ U (Uᵀ U)⁻¹ Uᵀ =

U (Uᵀ U)⁻¹ Uᵀ

② P(general projection) = U (Sᵀ U)⁻¹ Sᵀ

P² = U (Sᵀ U)⁻¹ Sᵀ U (Sᵀ U)⁻¹ Sᵀ =

U (Sᵀ U)⁻¹ Sᵀ

Ⓑ
P(orthogonal projection) is symmetric:

Ⓒ

P² = P
If P v ⃗= λ v⃗, then

P v⃗ = λ v⃗ = P² v⃗ = λ² v⃗
↓

λ² = λ
↓

λ ∈ { 0, 1 }



For orthogonal projection:
• for λ₁ = 0, P v⃗₁ = 0⃗

↓

• for λ₂ = 1, P v⃗₂ = v⃗₂
↓

v⃗₂ ∈ col(U)

Note that if P is a matrix of orthogonal projection,
P = Pᵀ and v⃗₁ ⋅ v⃗₂ = 0

Ⓓ
Complementary projection:

If P v ⃗= v⃗∥, then
(I - P) v⃗ = v⃗ - P v⃗ = v⃗⊥

So P keeps the part in the subspace,
while I - P keeps the perpendicular leftover

For orthogonal projection onto col(U),
I - P projects onto null(Uᵀ)

──────────────────────────────



P = U (Uᵀ U)⁻¹ Uᵀ as a serial transformation

Red, green and blue arrows: current images of standard basis vectors e⃗₁, e⃗₂ and e⃗₃
Black arrows: current images of the spanning directions u⃗₁ and u⃗₂

Uᵀ followed by (Uᵀ U)⁻¹ gives the left-inverse U⁺ = (Uᵀ U)⁻¹ Uᵀ

──────────────────────────────


