Orthogonal projection of vector v on direction of vector u

If U and Vv are vectors in R" and U # 0,
there exist unique vectors v.L and V|| satisfying the following:
- - -
ev=vl +V|
i -vL=0
- - .
e V|| = s u, where s is a scalar

Then

- -

u-v=
u- (VL +v|)=

U -vL+U-(su)=
0+s(U- 1)
u-v

SO S =

o
=¥}

=)
<d
et}

.{,’" =

=¥}
sl

=l
<{
et}

.\7_L={;_

=¥}
sl

Orthogonal projection of vector v on columns of U = [ Uy, U, ...

el



This is the same concept as the projection of v on one vector u
The only difference is that we replace one direction U by r directions 4, ..., U,
Suppose
- - -
eU=[up,u,..u]
- - - . .
® Uy, Uy, ..., U € R" and are linearly independent

evelRn

There exist unique vectors v.L and V|| such that:
e V=Vl +V|
eU'vL=0
(in other words, V.1 is orthogonal to every column of U or every row of U")
e V|| =UZ¢ wherec¢eR"
(C is similar to scalar 's' used on previous page)

Then
Uv=UEL+V|)=U"VL+U (U =0+ (U'U)2¢

So ¢ satisfies
U yé=U'v

Therefore
¢=(UTU U v

And the projection of v on columns of U is
v|=Uc=UUTU"U"v

So the projection matrix onto span(uy, ..., U,) is
P=UU U"U"

The same orthogonality principle appeared earlier in the 'Four subspaces' chapter
where we were solving an inconsistent system AX =56
where b was outside the column space(A)



and used the same fundamental conditions and derivation sequence:

The same structure in three equivalent forms:

Projection, vector form  Projection, matrix form From 'Four subspaces'

v=vLl+V| v=vLl + V| B =561+ B
d-vL=0 U'vL=0 A"BL =0
V|| =su V|| =U?2¢ Bl =AX
i-v= U'v= A'B =
u-WVL+V|)= U'(vL + v||) = AT (BL + B||) =
a-v|= U'v|| = AT B|| =
su-u uTuié AT AX
ﬁ‘_; - - -
s = c=U"U"U v X =(ATA" A"b
u-u

While the 'Four subspaces' page stopped at solving the normal equation
X=(A"TA"A"b
this one takes one more step to derive the corresponding projection matrix
P=UU U U



that inputs v and outputs U ¢:
Pv=UU U"U v=UZ¢

LA
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Orthogonal vs general projection (optional reading)

To define projection, we need 2 complementary subspaces:
(D Subspace to project onto, denote as P
@ Subspace that contains the residual, denote as #

Recall definition of complementary:
e ?n & =0 (condition 1)
e P® R =R" (condition 2)

Suppose we are projecting onto columns of a full-column rank mxn matrix U:
P = col(U)

We know that col(U) has an orthogonal complement:
£-null(U) = null(UY),
and that defines # for orthogonal projection

Next, we define # for general projection:

Suppose there is another full-column rank mxn matrix S
Assume S'U is invertible

To prove condition 1, use the rank formula for matrix product:

rank(S"U) = rank(U) — dim (coI(U) N nuII(ST))



Since U has full column rank, rank(U) = n
Since S'U is invertible, rank(S'U) = n

l
n=n- dim(coI(U) N nuII(ST))
|
dim (coI(U) N nuII(ST)) =0
l

col(U) n null(S") =0
(condition 1)

To prove condition 2:
dim(coI(U)) =n
because U has n linearly independent columns

Also rank(S") = rank(S) = n
so by rank-nullity,

dim(nuII(ST)) =m-n

Therefore

dim(coI(U)) + dim (nuII(ST)) =n+(M-n)=m

Together with condition 1,
col(U) @ null(S") =R
(condition 2)

So ® = null(S") = £-null(S) defines a valid complementary subspace

Orthogonal projection is the special case S = U



Comparison table,

including side-by-side derivation of projection matrix

subspace P

subspace ®

space decomposition

Left-multiply to
eliminate residual

Decomposition of v

-)

vl

Residual direction

Left-multiplication
eliminates residual

Solve for coefficients
Projection formula

Projection matrix
Residual condition

Uniqueness

Utility

orthogonal

col(U)
null(U")

col(U) @ null(U"
same as
col(U) @ £-null(U)

Left-multiply by U”
sothat U"vl =0

general
col(V)

null(S"
where S'U is invertible

col(U) ® null(S"
same as
col(U) @ £-null(S)

Left-multiply by ST
sothatS'r=0

v = (V]| € col(U)) + (VL € £-null(V)) v = (V|| € col(U)) + (t € 2-null(S))

v|=U¢

vl e £-null(V)
{
U'vL=0

U'v=U" VL + V)
UYL+ U9
=0+U'UZ¢
=U"U¢

c=UTUN UV

v|=UZ¢
=U U U UV

P=UU"UTU"
residual L col(U)

. -
unique V||

Best solutionto AX =B

(minimizes |A X — B)

vl=ud

T € £-null(S)
l
SSt=0
STv=S"[F+V|)
=S"T+ SVl
=0+S"Ud
=S'ud
d=S"U)"S"V
vl=Ud
=UE"U1SV
P=U("U1S"

residual € £-null(S)

depends on choice of S

Computer graphics



Visual examples of orthogonal () & general (r) projections in R?
* v: blue vector
* U;: green vector
eU=[u]

e col(U): green dotted line

ldempotency of P

P is idempotent which means
it acts once even when applied repeatedly:

@ P (orthogonal projection) = U (U'U)" UT

Pz = U (UTU)" U"U (U"U)" U" =

UU Uy ((UU)U Uy U=



Uruyru’

@ P (general projection) = U (ST U)' ST
P2=U(S"U"STU((STU)"S =
(s Uy (STU)(sTuy) s =

U(@Tuy'st
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