Orthogonal projection
of vector v
onto direction of vector u

Suppose U and v are vectors in R" and U = 0

Projection of v onto u, or v||, is
* a scalar multiple of u:
* chosen so that v.L = v - V|| is orthogonal to u:
- -
u-vL=0
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The image shows several candidate multiples of U
Only V|| makes the leftover vector VL perpendicular to U



Since we are projecting onto the 1-dimensional span(u),
this idea generalizes to R3 or R"

u

ILA

Orthogonal projection of
vector v
onto columns of U = [ Uy, Uy, ..., 4, ]
For a higher-dimensional subspace, the same idea applies
Let U =[d, ... u ], where the columns of U are independent

We look for V|| in span(uy, ..., U,), so
- -
V[ =Ug

We choose ¢ so that the leftover vector v.L is perpendicular



to every column of U:
U'vL=0

Since Vv = V.L + V||, we have
vL=v-V||=v-UZ¢

the projection of v onto span(uy, ..., U) is
vl=UZ¢=U@U U U v
|
the projection matrix onto span(dy, ..., 4,) is
P=UU U"U"

While every vector on the blue plane is a candidate for V||,
only one satisfies the orthogonality condition

Note: ¢ e R", while vand v|| e R"



!
¢ cannot be drawn directly; it only gives the coefficients for
v[=UZ¢

Projection onto U Projection onto U

V=VL+ V| V=vL+V|
i-vL=0 U'vl=0
\7||=sﬁ \7||=UE
u-v= U'v =
u-wVL+vV|)= UL +V]|) =
i-v|= U'v|| =
su-u UTué
- o
u-v - T T2
§ = c=U"UTU" v
- -
u-u

Orthogonal vs general projection (optional reading)
To define projection, we need 2 complementary subspaces:
(D Subspace to project onto, denote as P

@) Subspace that contains the residual, denote as ®

Recall definition of complementary:



e ?n & =0 (condition 1)
e P?® R =R" (condition 2)

Suppose we are projecting onto columns of a full-column-rank mxn matrix U:
P = col(U)

We know that col(U) has an orthogonal complement:
2-null(U) = null(U"),
and that defines # for orthogonal projection

Next, we define # for general projection:

Suppose there is another full-column-rank mxn matrix S
Assume S'U is invertible

To prove condition 1, use the rank formula for matrix product:
rank(S"U) = rank(U) — dim (coI(U) N nuII(ST))

Since U has full column rank, rank(U) = n
Since S'U is invertible, rank(S'U) = n

!
n=n-— dim(coI(U) N nuII(ST))
1
dim (coI(U) N nuII(ST)) =0
!

col(U) n null(S") =0
(condition 1)

To prove condition 2:
dim(coI(U)) =n

because U has n linearly independent columns



Also rank(S") = rank(S) = n
so by rank-nullity,

dim(nuII(ST)) =m-n

Therefore

dim(coI(U)) + dim (nuII(ST)) =n+(M-n)=m

Together with condition 1,
col(U) @ null(S") =R
(condition 2)
So ® = null(S") = £-null(S) defines a valid complementary subspace
Orthogonal projection is the special case S = U

Comparison table,
including side-by-side derivation of projection matrix



subspace P

subspace ®

space decomposition

Left-multiply to
eliminate residual

Decomposition of v

-5

vil

Residual direction

Left-multiplication
eliminates residual

Solve for coefficients
Projection formula

Projection matrix
Residual condition

Uniqueness

2
Main proF;erty =P

Symmetry
PT=P

orthogonal

col(U)
null(U")

col(U) @ null(U"
same as
col(U) @ 2-null(V)

Left-multiply by U*
so that U"vl =0

= (V|| € col(V)) + (V.L € £-null(V))

Vl=Ug?

vl e £-null(V)
l
U'vL=0

U'v=U WL+
= UL+ U
=0+U"UZC
=UTUZ¢

c=UTUTUv

V=U?
=UU U Uy

P=UU U U"
residual L col(U)

unique V|

true

true

general
col(U)

null(S")
where S'U is invertible

col(U) @ null(S")
same as
col(U) @ 2-null(S)

Left-multiply by ST
sothatS'tT=0

v = (V|| € col(V)) + (£ € £-null(S))

Jl=ud

T e £-null(S)
l
S't=0

STV =S"@+V|
=S'T+ SV
=0+S"Ud

=STud

d=(S"VU)'S"V

Jl=ud
=U Uy STV

P=U@"US
residual € £-null(S)

depends on choice of S

true

false



Visual examples of orthogonal () & general (r) projections in R?
* v: blue vector
* U;: green vector
eU=[u]

e col(U): green dotted line

Properties of P

®

P is idempotent which means
it acts once even when applied repeatedly:

@ P(orthogonal projection) = U (U"U)" UT



P2 = U (UTU)" UTU (U U)" U" =
U U (UTUV) U Uy U=
U Uyt
@ P(general projection) = U (ST Uy S
P2=U(STU)'STU((STU)' ST =
UG U (STU) s U ™=
U(S Uy s’

P(orthogonal projection) is symmetric:
(U (UT U)-1 UT) T (UT)T ((UT U).1)T UT —
U (Wruy) ur=uuruy U

©

eigenvalues & eigenvectors (P(orthogonal or general)):



For orthogonal projection:
ofor\, =0,Pv;=0
!

Vie (e-null(U) = nullu)

.for)\2=1,P\_}2=\_}2
i

v, € col(U)

Note that if P is a matrix of orthogonal projection,
P=Pandv, v,=0

©

Complementary projection:
If Pv =v]|, then
(I-P)V=v-Pv=vL

So P keeps the part in the subspace,
while | - P keeps the perpendicular leftover

For orthogonal projection onto col(U),
| - P projects onto null(U")

LA




P=U(U"U)"U" as a serial transformation
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Red, green and blue arrows: current images of standard basis vectors €;, €, and €,
Black arrows: current images of the spanning directions u; and u,
U™ followed by (U™ U)" gives the left-inverse U* = (U" U)" U"

It maps 4; — €; and U, —* &,, so the second 2D image shows u-basis coordinates




