Associativity of matrix multiplication:
(AB)C = A(BC)
for any conformable matrices A, B & C
Step 1. Will prove the key vector identity:

For every vector ¢, (AB)¢ = A(BC)

eletB=[b11b2b3]

eleté=| c

Using matrix-vector multiplication definition:
e B =blc, + b2c, + b3c,
e ABY) = Ablc, + Ab2c, + Ab3c,

Using matrix-matrix multiplication definition:
* AB = [Ab1 | Ab2 | Ab3]

Using matrix—vector multiplication definition:

(AB)Z =| Ab1 Ab2 Ab3 || ¢, | =

= Ablc, + Ab2c, + Ab3c, = A(BY)

Step 2. Extend from a single vector ¢ to matrix C



Write C by its columns:
C=[¢11c21¢3]

Using column-wise matrix-matrix multiplication definition:
(AB)C = [ (AB)@1 | (AB)E2 | (AB)E3 |
BC = [ B¢11BE21Be3]
ABC) = | A(B21) I A(BE2) | A(BS3) |

Now apply Step 1 to each column ¢k (k = 1,2,3):
(AB)C1 = A(BC1)
(AB)c2 = A(Bc2)
(AB)C3 = A(BC3)

So the corresponding columns in (AB)C and A(BC) are equal
Therefore:
(AB)C = A(BC)

This proof is written with three columns for simplicity;
the same logic applies to any number of columns
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Other algebraic properties of matrix multiplication

@ Identity
Ab+?7)=Ab+AcC
was demonstrated in 'First steps' chapter



From this one, we can derive
@ AB + C) = AB + AC:

IfB—[bllbz]andC—[cllcz]
(B+C)—[b1+cllb2+cz]

.A(B+C)=A[Bl+81|62+82]
= [A, +3)IA(B,+3) |
—[Ab +AC IAD, +AZ,]

—[ADb |AD, ]+ [AEIAG,]
= AB + AC

3 Scaling identity for a scalar s
A (sb) = s (A b)
was also demonstrated on the same page
This also can be generalized to
@ A(sB) = s(AB)
If B = [bl | bz]
OSB—[sbllsbz]

e A(sB) = A[sb,|sb,]
= [AsbB) IAGDy) |

= [s(ab) Is(AD,) |

=S[ABI|A62]
= s(AB)

Recall that AB was defined by applying A to each column of B
Writing B as

B=[61|62|]
applies the same definition and is used as a standard proof technique



® Identity matrix
Recall the canonical basis vectors
€, €5, ..., €n
which span R"

We define the (always square) identity matrix as:
Ih=[6&1¢&l...1¢€n]
or: ordered set of canonical basis vectorsIf A is mxn,
then
Aln=A[% ... 18]
=[Ag|...1AE,]
=A

e |, acts on the domain of A:
A |, = A (right-identity)
® |, acts on the codomain of A:
Im A = A (left-identity)
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Matrix multiplication as
composition of linear transformations

Let B be an nxp matrix and A be an mxn matrix
Define two linear transformations:

T B:RP - R" by T_B(S)=B¢

TA:R"—=R" by T_A@)=Ad



Then applying B first and then A gives the composed transformation:
T_A.T_B)@ = T_A(T_BR) = ABY)

Now recall the key identity (proved in the associativity section):
(AB)C = A(BY) for every vector ¢

Therefore, for every ¢ € RP:
(ABYZ = (T_A - T_B)(©

Conclusion:
The product matrix AB is exactly the single matrix that represents
the composition “apply B, then apply A”

Order importance:
AB corresponds to “B then A”, while BA corresponds to “A then B”
These are different compositions in general, so AB # BA in general

Size importance: A acts on the output of B:
> Transformation by an nxp matrix B inputs p-vectors & outputs n-vectors
> Transformation by an mxn matrix A inputs n-vectors & outputs m-vectors

!

For AB to be defined, domain of A must equal codomain of B
(equivalently: A must have n columns)

> The product C = AB inputs p-vectors and outputs m-vectors
l

Outer sizes p and m propagate, inner size n vanishes

Just as multiplication AB proceeds right-to-left, input and output sizes are read
right-to-left

Geometric interpretation (in 2D or 3D):



Applying B transforms the grid first; applying A transforms the result
The single matrix AB produces the same final transformed grid

Consider example:

11

Matrix A = (shear)
01
2 0

Matrix B = (scaling)
01

Image 1: apply B, then apply A (AB)
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Matrix multiplication represents composition of linear transformations:
AB means "“apply B, then apply A”
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Composition of linear transformations vs
composition of algebraic functions

Algebraic functions Matrix transformations
Start with a value x Start with a vector X
Apply g first Apply B first
Result: g(x) Result: Bx
Apply f next Apply A next
Result: f(g(x)) Result: A(BX)
Written as composition f - g Written as product AB
Order is right-to-left Order is right-to-left
In general f.-g#g-f In general AB # BA
Domain of f must match range of g Columns of A must match rows of B

Single function represents the composition Single matrix represents the composition
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Transpose of matrix product (AB)"
(AB)' = B'A"
Proof:
Recall the row—column rule for matrix multiplication:
each entry cjj of C = AB is the dot product of row i of A with column j of B:

(AB)ij = (row i of A) - (column j of B)

=4

(AB)ij = (column i of A") - (row j of BY)

54

(AB)Tij = (column j of A") - (row i of B)

clarification: (AB)"j = (AB);i
o
(AB)Tij = (row i of BY) - (column j of A")
= B™xA"

Consider the following example of compatible A & B:

@)’




B = [Bl b, 63]= (by)
(bs)”
'y
A @ @ @ | e - |6
bs
@y’
AxB= | @' || By B, B ]
@)’
s
B" xAT = Bz [@)T @) @' ]
b

Applying the entry-wise multiplication rule, we see that
each entry of (AB)" equals the corresponding entry of B'A"
Thus, the two products satisfy identical equations and
(AB)" = B'A"
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Transpose and dot product

Adjoint identity
(AV) - w=v-(A"W)
is derived from transpose multiplication rule
(AB)" = B'AT

If Aismxn,veR", weR"

Dot product can be written using transpose:

- - O\T =

ua-w=@'w

Then
(AV) -
= (AV)
SO
(AT

=1}

S1 g1 S

)

<!

This can be intuitively explained as
® we compute (A \7) and measure its component anng W
e we compute (A" w) and measure its component along v
e we get identical scalars

Will illustrate this with an R? example:

2 1 1 1



Image 1 shows transformation of v by A
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Image 2 shows transformation of W by A

EERELEE >
EH
3.5 4
AV = AT W =
0.5 -1

\7-(AW”’V)=§7’(AT\7'V)[1 1.5] ‘: =[z.5]

Compare (A V)" w and V' (A" W):
both give the same 1x1 result, confirming adjoint identity

* (A V): magenta
e w: blue
e (A" W): cyan



e v: red

The scalar 2.5 is not a geometric length
It is a signed directional measurement
For nonzero b, the dot product a - b equals
the projection length of @ onto the direction of b, multiplied by bl
Only when Ibl = 1 does the dot product equal the projection length itself

Matrix multiplication: what was defined and what followed

In this chapter, we treated matrix multiplication as a structure
built from matrix—vector multiplication

Definitions used
e Ab is defined as a linear combination of columns of A
* AB is defined by applying A to each column of B

From these definitions we derived

e the entry-wise rule: cij = 2, aik bkj

k=1

* the row-wise viewpoint
* the outer-product decomposition
e associativity: (AB)C = A(BC)
e distributivity, identity matrix, non-commutativity

We also used these viewpoints to interpret



* AB as composition of linear transformations
* size compatibility of products
* block multiplication and transpose of a product
* structured examples (diagonal, orthonormal, upper triangular)

Dimensional consequences of multiplication
(rank and null spaces) are discussed in the Subspaces chapter
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