
Introduction

Can Householder tridiagonalization be used as preprocessing before the Jacobi
algorithm?

For dense symmetric eigenvalue problems, standard solvers usually reduce the
matrix to tridiagonal

and then use a tridiagonal eigensolver, such as implicit QR iteration or
divide-and-conquer.

Jacobi nevertheless remains important because its rotations offer substantial
parallelism,

and GPU libraries such as NVIDIA cuSOLVER provide dedicated Jacobi
eigensolvers.

The usual objection to Householder preprocessing is that tridiagonalization costs
O(n³),

and the Jacobi rotations that follow do not preserve the tridiagonal zeros.
It is therefore assumed that the preprocessing cannot improve the subsequent

Jacobi computation.

While the factual statements are true, the assumption does not follow from them.

Destroying the zeros does not imply that the transformed starting matrix
has no effect on subsequent Jacobi convergence.

The effect also need not be the same for every matrix.
We therefore study several matrix families and examine algebraically

which properties make Householder preprocessing favorable or unfavorable.

The resulting predictions are then tested experimentally using measured sweep
counts and runtimes.



──────────────────────────────

Off-diagonal and diagonal energy (𝐸) after tridiagonalization

Ⓐ
The first step of symmetric Householder tridiagonalization proceeds as follows:



• H₁ is orthogonal
↓

• Q₁ is orthogonal
↓

𝐸 of the trailing block C is equal to 𝐸 of the trailing block Q₁ C Q₁ᵀ

Ⓑ
Now repeat the same construction one level down.



As in step Ⓐ,
• H₂ is orthogonal

↓
𝐸(A₂) = 𝐸(A₁)

• Q₂ is orthogonal
↓

𝐸 of the trailing block C₁ is equal to 𝐸 of the trailing block Q₂ C₁ Q₂ᵀ



Ⓒ

The first column-tail is

Its new off-diagonal entry is



Therefore the diagonal 𝐸 is unchanged exactly when

↓
| x y ( a − d ) + ( y² − x²) b | = (x² + y²) | b |

↓
| x y ( a − d ) + ( y² − x²) b | = | (x² + y²) b |

↓
• case 1:

 x y ( a − d ) + ( y² − x²) b = (x² + y²) b
• case 2:

 x y ( a − d ) + ( y² − x²) b = -(x² + y²) b

For x ≠ 0 and y ≠ 0, the two boundary conditions are
• y ( a − d ) = 2 x b
• x (a − d) = −2 y b

Diagonal 𝐸 increases when the difference (a − d) lies between the two boundary
values

From the double inequality we can infer
• Favorable condition: a ≈ d

• Unfavorable condition: | a − d | is large relative to | b |

We therefore designed the test families to include both conditions.



Ⓓ
Quantitative summary

At every step i

• The trailing block C changes in ways that can move 𝐸 either to or from the
diagonal

──────────────────────────────

How do we get the eigenvectors?

Denote the accumulated Householder transformation as H.
After tridiagonalization:

Denote the accumulated Jacobi transformation as G.
After the Jacobi rotations, we get a diagonal matrix

Define
Q = G H

↓
D = Q A Qᵀ



↓
A Qᵀ = Qᵀ D

Since D is diagonal, each column of Qᵀ is multiplied by
the corresponding diagonal entry of D.

Therefore

• The diagonal entries of D are the eigenvalues of A
• The columns of Qᵀ are the corresponding eigenvectors of A

• Thus the eigenvector matrix is
V = Qᵀ = Hᵀ Gᵀ

──────────────────────────────

What can be processed simultaneously?

A Jacobi batch can contain only mutually nonintersecting pivot pairs.
Consider two Jacobi rotations R₁ and R₂:

• R₁ acts on the pivot pair (1, 3)
• R₂ acts on the pivot pair (2, 4)

These pairs are disjoint: they share no index.



Because the nontrivial 2 × 2 blocks sit in disjoint rows and columns,
R₁ R₂ = R₂ R₁

Now consider an intersecting pair of rotations.

• S₁ acts on (1, 3)
• S₂ acts on (3, 4)



S₁ S₂ ≠ S₂ S₁

Ⓐ
Rotations acting on non-intersecting pivot pairs commute

and can be assembled into one batch matrix G
The batch update has the form A_new = G A Gᵀ

Ⓑ
Rotations acting on intersecting pivot pairs do not commute
and cannot be processed simultaneously as one Jacobi batch

Ⓒ
Each batch can be computed in three stages:

① All rotations are computed from the same pre-batch matrix A in parallel.
② Left multiplication by all nonintersecting rotations is performed in parallel.

 The updates are synchronized.
③ Right multiplication by all transposed rotations is performed in parallel.

 The updates are synchronized before the next batch.

Color coding for the products:
• cyan: entries depending only on rotation 1
• red: entries depending only on rotation 2

• green: entries depending on both rotations



──────────────────────────────

First Jacobi batch after tridiagonalization

Jacobi pivot selection has a tradeoff.

• maximum-pivot algorithm chooses the largest off-diagonal entry.
This tends to reduce the number of rotations,

but after each rotation the next largest pivot must be selected from the updated
matrix.

Therefore the pivot rotations are processed one at a time.

• Cyclic Jacobi gives up largest-pivot selection and follows a predetermined
schedule.

It tends to perform more rotations, but the schedule can be divided into
nonintersecting batches,

and all rotations within a batch can be algebraically processed in parallel.

Householder tridiagonalization possibly gives this parallel strategy a favorable first
batch:

all off-diagonal 𝐸 is concentrated in the first off-diagonal band.

Define
• tridiagonal n × n matrix as T



We have two options for the first batch:

• Blue batch: (1,2), (3,4), (5,6), ...
• Green batch: (2,3), (4,5), (6,7), ...

No two pivots inside one batch share an index,
so all pivots of one color can be processed simultaneously.

• The off-diagonal 𝐸 concentrated in the blue entries is

• The off diagonal 𝐸 concentrated in the green entries is

• The total off diagonal 𝐸 is

After this first batch, fill-in begins,
and the Jacobi algorithm proceeds as usual.



──────────────────────────────

Fill in with the first Jacobi batch
after tridiagonalization

T is a 4×4 tridiagonal matrix, and we select the green pivot pair (2,3).

• Right-multiplication by Gᵀ fills 2 entries in the columns of the pivots, as shown
• Left-multiplication by G fills 2 entries in the rows of the pivots

• The fill-in advances exactly one diagonal farther out

The same local rule repeats for the green batch in a larger matrix



Color coding:
• Green = selected pivots

• Blue = neighboring first-band entries
• Red = new fill-in

──────────────────────────────

Experiment setup and data collection

Ⓐ
Implementation and hardware

Two CUDA C++ programs were used for the numerical experiments.
Both used NVIDIA cuSOLVER; the eigenvector-validation program also used

cuBLAS.

The computations were performed off-site on a rented remote GPU instance.

GPU: NVIDIA GeForce RTX 3060
• Ampere architecture

• compute capability 8.6
• 3584 CUDA cores

• approximately 11.63 GiB visible global GPU memory



The number of CUDA cores describes the available GPU hardware.
cuSOLVER controls how computations are scheduled across those cores;
it does not expose a one-to-one correspondence between CUDA cores

and simultaneous Jacobi rotations.

Ⓑ
Runtime and sweep-count experiment

The first program compared two eigenvalue-only paths.

① Standalone Jacobi

A
↓

cuSOLVER cusolverDnDsyevj
↓

eigenvalues

② Householder preprocessing + Jacobi

A
↓

cuSOLVER cusolverDnDsytrd
↓

tridiagonal T
↓

cuSOLVER cusolverDnDsyevj
↓

eigenvalues

Both paths used

• double precision



• eigenvalues only
• Jacobi relative tolerance = 10⁻¹²
• maximum Jacobi sweeps = 100
• exactly the same input matrix A

Matrix generation and host-to-device transfer were excluded from timing.
For the preprocessing path, Householder time and Jacobi time were measured

separately,
as well as their combined runtime.

The program recorded runtimes, Jacobi sweep counts, residuals, and eigenvalues.
The two eigenvalue sets were sorted and compared.

Ⓒ
Eigenvector validation and energy-distribution experiment

A second, untimed program examined the Householder + Jacobi path in more
detail.

Before tridiagonalization it measured

• diagonal Frobenius energy of A
• off-diagonal Frobenius energy of A

After cuSOLVER cusolverDnDsytrd it measured

• diagonal Frobenius energy of T
• first-off-diagonal-band Frobenius energy of T

• preservation of total Frobenius energy

For eigenvector validation, the Householder reflectors produced by
cusolverDnDsytrd

were converted to the orthogonal matrix Q using cusolverDnDorgtr.



Jacobi was then run on T with eigenvectors enabled, producing Z.
The eigenvectors of the original matrix were reconstructed as

V = Q Z.

The program then measured

• max | Vᵀ V − I |

This experiment was not used for runtime comparisons.

Ⓓ
Common test setup

Both programs used the same 6 matrix families, matrix sizes,
numbers of independently generated matrices, and generation rules described

below.

They also used the same base random seed.

Every generated matrix was scaled by one scalar so that

Thus the 6 matrix families were tested at the same RMS eigenvalue scale.

Ⓔ
Data handling



The two programs printed their measured results to the console.

ChatGPT was used to transcribe and organize those console values
into the data arrays used to construct the following tables.

The measurements themselves were produced by the CUDA programs.
Derived quantities, including runtime and sweep-count percentage changes

and changes in energy percentages, are calculated from the stored measurements
rather than entered manually.

──────────────────────────────

Symmetric matrices used for testing



The first four matrix groups represent distinct structures that occur in practical
eigenvalue problems.

The last two groups were suggested directly by the preceding energy analysis.



Diagonal 𝐸 increases when the difference (a − d) lies between the two boundary
values

They are obtained by centering the data and standardizing each variable to unit
variance.

Experimentally, they proved approximately as favorable as the general dense
matrices.

At the opposite end, consider two centered variables u⃗ and v⃗, and scale the
second variable by a factor s:

As s increases, one diagonal entry grows as s² while the off-diagonal coupling
grows only as s.

The matrix therefore moves toward the unfavorable condition | a − d | ≫ | b |.

This is an adverse rather than a typical data-analysis case:
variables that differ greatly in scale are usually standardized first, producing a

correlation matrix.

We retain the unstandardized covariance case as a deliberate stress test.
Experimentally, Householder transferred substantial energy off the diagonal,
and the subsequent Jacobi computation required more sweeps and longer

runtimes.

The diagonal spread is inexpensive to measure in advance and can warn that



preprocessing may be unfavorable.

──────────────────────────────

Results: sweep counts by matrix size and type

General dense

Dense clustered spectrum

Strictly diagonally dominant

Weakly coupled dense blocks



Dense correlation

Unequal-variance covariance

──────────────────────────────

Results: runtimes by matrix size and type

General dense



Dense clustered spectrum

Strictly diagonally dominant

Weakly coupled dense blocks



Dense correlation

Unequal-variance covariance

──────────────────────────────



Results: eigenvector orthogonality

General dense

Dense clustered spectrum

Strictly diagonally dominant

Weakly coupled dense blocks



Dense correlation

Unequal-variance covariance

──────────────────────────────

Results: energy before and after tridiagonalization

We previously showed that Householder tridiagonalization can
either increase or decrease diagonal energy.

The following measurements check whether, in practice,
it produces a substantial unfavorable shift of energy away from the diagonal.

General dense



Dense clustered spectrum

Strictly diagonally dominant



Weakly coupled dense blocks

Dense correlation



Unequal-variance covariance

──────────────────────────────



Conclusions

Ⓐ
Algebraic conclusions

Householder tridiagonalization concentrates all off-diagonal entries
into the first off-diagonal band.

Jacobi rotations do not preserve those zeros: fill-in begins immediately.
Therefore the tridiagonal structure itself is temporary.

However, rotations acting on nonintersecting pivot pairs can be
assembled into a Jacobi batch. For a tridiagonal matrix, the two alternating
first-band batches partition all off-diagonal energy, so at least one contains

at least half of it.

Householder similarity can also redistribute energy between the diagonal
and off-diagonal parts of the matrix. The local algebra identifies two regimes:

similar diagonal entries are favorable, while a large diagonal difference
relative to the existing off-diagonal coupling can be unfavorable.

Thus concentration of off-diagonal energy is guaranteed,
but favorable energy redistribution is not.

Ⓑ
Experimental conclusions

For the tested NVIDIA cuSOLVER cusolverDnDsyevj implementation,
Householder preprocessing reduced the measured Jacobi sweep count

for 5 of the 6 tested matrix families.

For sufficiently large matrices in these favorable families,
the reduction in Jacobi runtime exceeded the additional cost of tridiagonalization,

so the complete Householder + cusolverDnDsyevj path was faster.



Dense correlation matrices provided an important favorable case:
their equal diagonal entries match the favorable algebraic regime,

and experimentally they performed approximately as well as general dense
matrices.

The unequal-variance covariance family was constructed as an adverse test case.
Its large diagonal spread produced substantial transfer of energy off the diagonal,

and the subsequent Jacobi computation required more sweeps and longer
runtime.

The reconstructed eigenvectors remained orthogonal to approximately
the level expected from floating-point roundoff.

Ⓒ
Scope of the result

The algebra establishes a structural advantage of the tridiagonal starting matrix:
all off-diagonal energy is concentrated in the first band, where one of the two

alternating nonintersecting batches contains at least half of it.

It also establishes an important limitation: Householder similarity can move energy
either toward or away from the diagonal. The benefit therefore depends on the

matrix,
not merely on the concentration produced by tridiagonalization.

The experiments reproduce both algebraic regimes. In five tested families,
Householder preprocessing reduced the subsequent Jacobi work. In the

deliberately
adverse unequal-variance covariance family, it increased that work.

The algebra does not determine whether Jacobi savings will recover the O(n³)
cost of Householder tridiagonalization. That question remains implementation-

and matrix-dependent and is measured here for cusolverDnDsyevj.



The central conclusion is therefore conditional rather than universal:

Householder tridiagonalization can substantially improve a parallel Jacobi
eigensolver,

but its effect depends on how the similarity transformation redistributes energy.
Matrices with nearly equal diagonal entries are favorable candidates, while large

diagonal spread provides an inexpensive warning that preprocessing may be
unfavorable.

──────────────────────────────
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