
Similarity transformation and eigenvalue computation

Matrices A and B are similar if there exists an invertible matrix C such that
B = C A C⁻¹

↓
A = C⁻¹ B C

Suppose A x⃗ = λ x⃗
↓

C⁻¹ B C x⃗ = λ x⃗
↓

B C x⃗ = C λ x⃗
↓

B (C x⃗) = λ (C x⃗)
↓

• λ is an eigenvalue of both A and B
• (C x⃗) is an eigenvector of B

λ(A) can be computed if we find a C that satisfies
T = C A C⁻¹

where T is upper-triangular, lower-triangular, or diagonal,

It is best to have C as an orthogonal matrix G, since
Gᵀ = G⁻¹, and

Therefore, the goal is to find an orthogonal matrix G
such that G A G⁻¹ = T



──────────────────────────────

Orthogonal matrix G that satisfies

Next, we will try to find G: a matrix of rotation by θ

we do so by expanding

(−s d₁ + c ℓ) c + (−s u + c d₂) s = 0
↓

ℓ c² − u s² + (d₂ − d₁) c s = 0
↓



↓
ℓ − u t² + (d₂ − d₁) t = 0

↓
u t² + (d₁ − d₂) t − ℓ = 0

↓

The ± indicates that we may have two t = tan(θ) values that satisfy it

suppose u = ℓ (A is symmetric) and u ≠ 0
denote Δ = d₂ − d₁

↓
θ₁ and θ₂ differ by 90°

since t₁ t₂ = -1, at least one root has | t | ≤ 1, corresponding to | θ | ≤ 45°
this is the solution used by the algorithm

For symmetric A,



↓

↓

Gᵀ G = I

Therefore

↓



↓

↓

──────────────────────────────

Two ways to solve the symmetric 2×2 eigenproblem:
Homogeneous systems and Jacobi rotation

Recall how we solved the homogeneous system
(A − λ I) x⃗ = 0
in two stages:

① We first solved for the λ values where the system can have nonzero solutions

② We then substituted each λ and solved the system again
to find those actual solutions: the eigenvectors x⃗

The Jacobi algorithm gives another route



For a symmetric 2×2 matrix, one similarity transformation is

For any rotation matrix G: G⁻¹ = Gᵀ
↓

represents the diagonalization theorem
↓

• eigenvectors are the orthonormal columns of Gᵀ





──────────────────────────────

How one 2×2 Jacobi rotation
acts inside an n×n matrix

that diagonalizes a symmetric 2×2 matrix

We now place that rotation at the nonadjacent
interior coordinates p = 2 and q = 4 of a 5×5 matrix



Embed R into rows and columns 2 and 4 of the identity matrix

① Right multiplication: B = A Gᵀ

Columns 1, 3, and 5 of Gᵀ are columns of the identity matrix
Therefore columns 1, 3, and 5 of B are copied unchanged from A

Only columns 2 and 4 of B are recomputed

For every k = 1, ..., 5:



The colored columns are exactly the entries changed by right multiplication

Rows 1, 3, and 5 of G are rows of the identity matrix

Only rows 2 and 4 are recomputed

For every k = 1, ..., 5:



The two multiplications have now accounted for the complete colored cross:

• right multiplication changed columns 2 and 4
• left multiplication changed rows 2 and 4

The four entries at the intersection of these rows and columns
undergo exactly the 2×2 multiplication derived previously



Thus the 2×2 equation is solved once, and c and s are inserted into G
• Right-multiplication updates the two active columns

• Left-multiplication updates the two active rows
• The same 2×2 calculation diagonalizes their intersection

• All the entries shown in black remain unchanged, facilitating computations

This construction generalizes to any symmetric n×n matrix

──────────────────────────────

Why not systematically zero all subdiagonal entries?

A later similarity transformation can bring a zero back to life

Indices: p = 1, q = 2, r = 3



Now A″ = H B
 ↓

↓

• A previous similarity transformation created a subdiagonal zero
• A later similarity transformation filled it back in

──────────────────────────────



Why does the Jacobi algorithm converge?

Even though a previously created zero may be filled back in,
repeated similarity transformations for symmetric A

eventually converge to a diagonal matrix

Next, we define two quantities:

Therefore



Ω²(A) = 2 (u² + a₁₃² + a₂₃²)
After applying a Jacobi rotation to the pivot u = a₁₂, we obtain:

G is orthogonal
↓

• left-multiplication by G preserves length of every column of A
• right-multiplication by Gᵀ preserves length of every row of A

↓
The similarity transformation G A Gᵀ preserves the Frobenius norm:

Thus the total squared magnitude of A does not change.

↓



Its total squared magnitude is also preserved:

↓

Since the total squared magnitude of A is unchanged,
that same 2u² must be subtracted from the off-diagonal energy

↓

↓
Every nonzero Jacobi rotation strictly decreases the off-diagonal energy

Since the largest off-diagonal pivot always contains a fixed fraction
of the remaining off-diagonal energy, repeated Jacobi rotations force

──────────────────────────────



Single Jacobi rotation in 2D

For a 2×2 symmetric matrix, the algorithm uses one similarity transformation:

Ⓐ
Jacobi update: D = G A Gᵀ

① left: transformation by A = Aᵀ
↓

for λ₁ ≠ λ₂, the corresponding eigenvectors g⃗₁ and g⃗₂ are orthogonal
and Gᵀ = [ g⃗₁ | g⃗₂ ]

② middle: right-multiplication by Gᵀ
A Gᵀ = A [ g⃗₁ | g⃗₂ ]
 = [ A g⃗₁ | A g⃗₂ ]
 = [ λ₁ g⃗₁ | λ₂ g⃗₂ ]

Right-multiplication by a rotation matrix is NOT a rotation of the displayed
transformation

it forms new columns from linear combinations of the columns of A
and preserves lengths and angles between rows, not between columns

Here those new columns are λ₁ g⃗₁ and λ₂ g⃗₂



so they point along the two orthogonal eigenvector directions

③ right: left-multiplication by G
left-multiplication applies the same rotation G to every column

so this step truly rotates the displayed vectors

G g⃗₁ = e⃗₁ and G g⃗₂ = e⃗₂
↓

G A Gᵀ = [ λ₁ e⃗₁ | λ₂ e⃗₂ ] = D

Ⓑ
The same Jacobi update with the transformation of the unit circle added

• Notice that the ellipse remains unchanged after right-multiplication

Let C = { x⃗ : x⃗ᵀ x⃗ = 1 } be the set of vectors on the unit circle

since Gᵀ is orthogonal,
(Gᵀ x⃗)ᵀ(Gᵀ x⃗) = x⃗ᵀ G Gᵀ x⃗ = x⃗ᵀ x⃗

↓
Gᵀ C = C

(A Gᵀ)(C) = A(Gᵀ C) = A(C)

Thus A and A Gᵀ map the unit circle to exactly the same ellipse

• Left-multiplication is different:



so G now rotates the ellipse itself

Ⓒ
Same transformation shown as factorization of A or diagonalization

A = Gᵀ D G



──────────────────────────────


