
Algorithm endpoint

For algorithm illustration, we use an n×n matrix (n = 5)

↔

↓

↔



↓

R is upper-triangular
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• entries 1 ... i-1 stay unchanged

↓
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Reflector matrix Hᵢ:

Reflection across fixed subspace S in ℝⁿ
• ℝⁿ = S ⊕ S⊥

• for any x⃗ ∈ ℝⁿ:
 x⃗∥ ∈ S is fixed

 x⃗⊥ ∈ S⊥ is negated
 ↓

Reflection matrix H = I - 2P
where P is projection onto the negated subspace S⊥

• If y⃗ = H x⃗, then H y⃗ = x⃗

↓
there should be a matrix H that acts as a reflection:

↓

↓



① Adding the equations gives

↓

↓

② Subtracting the first equation from the second gives

↓

↓

↓

For projection P onto S⊥,
P x⃗ = x⃗ means x⃗ ∈ S⊥

↓



↓

• the negated subspace S⊥ is always one-dimensional: span(v⃗)
• the fixed subspace S is the n-1 dimensional orthogonal complement

(plane in ℝ³)
• for computation, only v⃗ is used
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Summary

Householder QR step summary

At step i:

Then

and Hᵢ leaves the previous columns unchanged

After all steps,

where R is upper-triangular
↓

A = Q R
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Three geometric routes to QR decomposition:
• Gram-Schmidt orthogonalization

• Givens rotation
• Householder reflection
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Comparison of QR factorization algorithms
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