
Givens rotation matrix

An m×m rotation matrix G is composed by modifying
rows and columns k and i of the identity matrix as follows:

Will use ℝ⁵ as an example



ℝ⁵ can be decomposed into 2 orthogonal complementary subspaces:
• 𝒫 = span { e⃗₂, e⃗₄ }, denoted as 𝒫₂₄

• orthogonal complement 𝒫⊥
↓

v⃗ can be decomposed into



• G rotates vectors inside 𝒫₂₄
• G leaves vectors in 𝒫⊥ unchanged

──────────────────────────────

Algorithm description

Givens QR factorization algorithm employs repeated left-multiplication by
specific rotation matrices to eliminate below-diagonal entries, which

• transforms an m×n matrix A to upper-triangular matrix R
• accumulates rotation product Gcum, so R = Gcum A

• Q = Gcum⁻¹ = Gcumᵀ



② following quantities are computed:

so that c² + s² = 1

③ an m×m rotation matrix G is composed by modifying
rows and columns k and i of the identity matrix as follows:

④ product G A is computed
for clarity, G and A are presented as 5×5 matrices:





↓
• only rows k and i of A are modified

• all remaining rows are copied unchanged from A

⑤ target entry in the product is eliminated
suppose target entry t = A₅₃ is eliminated using pivot entry u = A₃₃

therefore rows 3 and 5 of A are modified as follows:

new row₃ = c·row₃(A) + s·row₅(A)
new row₅ = -s·row₃(A) + c·row₅(A)

in column 3 this produces:
new A₅₃ = -s·u + c·t

⑥ the previously obtained zeros in the product are preserved
Example below shows

• intermediate 5×5 matrix A(ℓ)

• corresponding matrix G(ℓ) to eliminate t



ⓐ multiplication by G(ℓ) changes only pivot row k and target row i
↓

previously created zeros in the same column are preserved

↓

↓

↓
previously created zeros in the preceding columns are preserved

──────────────────────────────

Elimination order

① Elimination of columns proceeds left to right
(reason is outlined on previous page)

② Elimination within a given column does not have a defined order

Suppose we are eliminating column 3 in the following matrix:



To finish column 3, the algorithm must eliminate a₄₃ and a₅₃

Before these eliminations, the active part of column 3 is

[ u, x, t ]ᵀ

where
• u = a₃₃
• x = a₄₃
• t = a₅₃

Each Givens rotation replaces two entries by

After both a₄₃ and a₅₃ are eliminated, the diagonal entry satisfies

This expression is symmetric in x and t
↓



either elimination order gives the same diagonal magnitude

Alternative explanation:
• any orthogonal matrix G preserves lengths

• each elimination step affects only the pivot row and target row
↓

the length of the eliminated target entry is absorbed into the pivot entry

Suppose A(j+2) = G(j+1) G(j) A
• G(j) eliminates entry a₄₃

• G(j+1) eliminates entry a₅₃
• sign of ρ is fixed

• entries above the pivot row are unchanged
• entries below the pivot row are eliminated

• diagonal magnitude is fixed by length preservation
• as shown on the previous page,

completed columns to the left are not changed by later steps
↓

each completed column of R is unique up to sign,
independent of elimination order within that column



──────────────────────────────

Elimination order within column: geometric comparison

① Bottom to top elimination order

The next image shows the same transformed matrix again,
but with column 2 highlighted for the next elimination step



② Top to bottom elimination order

The next image shows the same transformed matrix again,
but with column 2 highlighted for the next elimination step



• Compare the bordered images after elimination of the first column
where a⃗₁ aligns with e⃗₁:

The intermediate transformations are different, showing that
column 1 can be aligned with the e⃗₁ axis in more than one way

• Compare the final matrices.
After the algorithm is completed, the final upper-triangular matrix R is the same

with
the only remaining ambiguity is the usual sign choice

• Teaching analogy:
Like a Rubik's cube, different sequences of moves can pass through different

intermediate states,
but still arrive at the same final solved state

──────────────────────────────



Comparison with Gram-Schmidt algorithm

──────────────────────────────

Numerical example



The next image shows the same transformed matrix again,
but with column 2 highlighted for the next elimination step





──────────────────────────────

Rotation matrices visualized (same numerical example)

• Rotation in the e⃗₁ & e⃗₃ plane by θ ≈0.721 rad
• In ℝ³, this is equivalent to rotation around e⃗₂

• a⃗₁ loses its e⃗₃ component and lands in the e⃗₁ & e⃗₂ coordinate plane

• Rotation in the e⃗₁ & e⃗₂ plane by θ ≈0.7 rad
• In ℝ³, this is equivalent to rotation around e⃗₃



• a⃗₁ loses its e⃗₂ component and is now aligned with the e⃗₁ line

• Rotation in the e⃗₂ & e⃗₃ plane by θ ≈0.648 rad
• In ℝ³, this is equivalent to rotation around e⃗₁

• a⃗₂ loses its e⃗₃ component and lands in the e⃗₁ & e⃗₂ coordinate plane

──────────────────────────────

Visual comparison between GS orthogonalization & Givens rotation



──────────────────────────────


