Matrices with one repeated A

Consider A = A-ANI=

Solving det(A- A1) = 0:
(@-N(d-N-bc=0

)\2—(a+d))\i(ad—bc)=0
l
(a+d)+ \/(a+d?-4(ad - bc)
M 2
l

A has a single A if
(@a+d2-4(ad-bc)=0

l
a2-2ad +d?2+4bc=0
l

a+d
A=
2
case M:b#0
l
(@-d)y?
C=-
4b



A with a single A and b # 0 has the form: (a - d)?

To find the eigenvector(s), we solve the homogeneous system

a+d a-d
a- b b
2 2
A-ADX= X =
(a-d)? i a+d (a-d)? d-a
4b 2 4b 2
A was computed so that det(A-A1) =0
1
a-d
row,(A- A1) = - row,(A - A )
1!
we have one system (for the single A) with one free variable
1

eigenspace(A) has one dimension

Use the first row and choose free variable x, = 2b:

a-d
x, +bx,=0
2

>l



x,=d-a
l

2b

One eigenvector X =
d-a

One particular form of such Ahasa=d,b=1,c=0:

so-called Jordan block J = | with the eigendirection €,

case (@) the transpose of case D

a 0

The corresponding particular form is J* = with the eigendirection €,
1 a

case @:b=0andc=0
l

a 0

we obtain one uniform scaling matrix S =
O a

a=dandA=a2a
l



A-ANI=
00
0 0 || x, 0
Solving (A-AD X =0: -
0 0| x, 0
l
Both equations are always true
l
x, and x, are both free variables
1

every nonzero vector X is an eigenvector

True for case ), @), and @:

(A - N 1)? is a zero matrix

a-d
2

Letu =

The single A condition
(@a-d)2+4bc=0
becomes
uz+bc=0

u b
DenoteB=A-AI=
c -u



u b u b u?+bc ub-bu 00

BZ= = =
c -u c -u cu-uc cb+u? 00
Therefore
(A-AND2=0

If A is not a uniform scaling matrix, rank(B) = 1,
so there is a vector w such that Bw = 0
Denote v=Bw
Since B2 is a zero matrix, Bv=BBw =20
1
A-AND)v=0
1
equivalently
every nonzero vector produced by B is an eigenvector of A

Relevance of this concept, as well as J and J, will be shown on the next page
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Similarity transformation of Jordan block

Similarity transformation is a transformation of type:
A=CJC?
l
J=CT"AC



Suppose JX = A X

1

CTACX=AX
i

ACX=CAX

1]

ACX)=A(CX)
1

* A\ is an eigenvalue of both J and A
* (CX) is an eigenvector of A

If J" can be easily computed,

similarity transformation allows us to compute powers of A as

A" =C J" C

On the previous page, we showed that every nonzero vector produced by B = A -
AN
is an eigenvector of A

Choose w so that Bw = 0
Definev=Bw

1!
*Bw=v
e AV=AV

The vector w is called a generalized eigenvector:
W is not an eigenvector of A, but (A - A I) W is an eigenvector of A

B w = 0, so w cannot be a scalar multiple of v

.

C=[vIw]isinvertible



Rearranging the similarity condition:
AC=CJ

AC=A[VvIwW]=[AVIAW]

Since Bw =,
A-AN)W=1V
1
AW=AW+V
and Av=AV
1

C=[vIw]andJ= satisfy the similarity condition AC =C J
0 A

Therefore
A=CJC

The scales of w and v are coordinated by v=Bw
Once the scale of W is chosen, the scale of v is determined
This differs from ordinary diagonalization, where the eigenvectors may be scaled
independently

Forn = 2,



A" nA™
Forn=22, A"=CJ"C'and J"= |
0o A
More generally, if A # 0 and Alis defined (with a branch chosen when necessary),
ALt AN
At=CJtC'and Jt = |
0 A
Ao

In contrast, uniform scaling does not require a special basis: A =S =
0 A

Choosing a basis by matrix type

Uniform scaling Scaling-shear Two distinct eigenvalues
Eigenvalues One repeated A One repeated A A A,
Middle matrix S=AI r . . D =diag(A, A)
degrees of freedom fixed J or J" depending on basis vector order fixed up to eigenvalue order

* One eigendirection is fixed

Basis-vector Any two independent directions o - L . — .
y P * W may be any direction outside it Both eigendirections are fixed

directions or the standard basis (orthogonal if desired)
Basis-vector Scale both vectors Choose the scale of w freely Scale both eigenvectors
scaling independently thensetv=(A-AD)W independently
 One arbitrary direction for w
Degrees of . . outside the eigendirection * Two eigendirections are fixed
. Any invertible C ) - . .
freedom in C * One arbitrary scale for w * Scale each eigenvector independently

eV =(A-AI)Wis then fixed
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Matrices with repeated A: table



Uniform scaling

* single repeated A = @y, = a,,
® every nonzero vector is an eigenvector
¢ unchanged with CA C

Jordan (shear-scaling) block

* single repeated A = @, = d,,
* one eigenvector direction: &

Transposed Jordan (shear-scaling) block

* single repeated A = d,, = d,,
* one eigenvector direction: €,

Similarity transformation
M=CJC?

* single repeated A
* one eigenvector direction: C €,
* generalized eigenvector: C €,
*(M-ADNCE,=C§é

AO
0 A

AO
1T A

A
0 A

C

10

10

1.2 0.8
0.7 1.4

A=CJCT

1.2

0.45
~-0.438

1.2

~1.286
1.95

Transformation by A

‘

[N







ab
cd

Definition

Condition

Basis vectors

Expanding
the definitions

Middle matrix

Middle matrix
powers

Middle matrix
exponentials

Middle matrix:
® geometric action
¢ determinant

Basis matrix

Diagonalization
A=CDC?

AT =T,
CAT = AT,

(a+dp-4(ad-bc)>0

A A eR
A %A,

Vi, Ve R?

2 |4 .M O
A [v, vz]- [v. vz] 0
A0
D=
0 A
ESIK)
D' =
0 A
-e“" 0
exp(tD) =
0 e™w

* scales along V, and v,
« det(D) = A, A,

c-[avJ

If A can be diagonalized
using an orthogonal basis,
we may scale the basis vectors

Rotation-scaling factorization
A=XSX?

AT =AF
CA% =A%

(@a+dP-4(ad-bc)<0

AN =a=xBi

X, X e €?
X =Re+ilm
X;=Re-ilm

Re, Im e R?

ARe+ilm)=(a+iB)(Re+ilm)

!
ARe+iAlm=aRe+iZBIm+iBRe+ailm
1
ARe+iAlm=aRe-BIm+i(BRe+alm)
!

*ARe=aRe-BIm
*Alm=BRe+alm
!
Re ARe a -B || Re
A - -
Im Alm B a Im
Transpose the block equation:

[A%e Atm ]« [rem]| © ®

[mim]- [ron] 3

a B
.aq

S=

r = sqrt(a? + B3
cosB = a/r, sinB = B/r
{

cos(nB) sin(nB)

S'=r
-sin(nB) cos(nB)
cos(Bt) sin(Bt)
exp(tS) = e
-sin(Bt) cos(Bt)

* rotates and scales in the [ Re | Im ] basis
edet(S)=az+B2=1AR

x= [Re m]

If Re and Im are orthogonal
and have equal length,

Shear-scaling factorization
A=CJC?

*AV=AV
* generalized eigenvector w
(not an eigenvector):
(A-ADW=V

*(@+dP-4(ad-bc)=0
* b # 0 or ¢ # 0 (non-uniform scaling)
*B=A-Al
*B20,B2=0

A=A =AeR
v,weR?
V=(A-ADW
V and W are linearly independent

A(Re+ilm)=(a+iB)(Re +ilm)

i
ARe+iAlm=aRe+iZBIm+iBRe+ailm
{
ARe+iAlm=aRe-Bim+i(BRe+alm)
{

*ARe=aRe-BIm
sAlm=BRe+alm

e

Transpose the block equation:

[rene]- (o<1

<
<i
<

EN
£

A nA™
o N

JS=

emapsV—*AvVvandw = V+AW
o det(J) = A2

c- [¥w]

letB=A-ATJ
For a defective repeated-A matrix,
B2 = 0 and rank(B) = 1
Choose a unit eigenvector V
and choose a unit vector W orthogonal to ¥
1
C =[V|w]is orthogonal
Since BV = 0 and col(B) = null(B) = span(¥),



Case where
the basis vectors
are orthogonal

A
exp(tA)

Determinant
consequence

Sequence of

transformations

Numerical
example

/" selected V = AV

- dominant ¥

—| other v

o . allv

(<) . all AV
Sequence of

transformations

Factorize A

Ais given:
compute the factors

Construct A

A is not given:
choose the factors,
then build A

so that C is orthogonal

1

C.' - CI‘
1

A=CDC'
1
A'=(CDCY=CDC'=A
1
orthogonal diagonalization requires
A=A"

A=CD'C!
exp(tA) = C exp(tD) C"

A =CDC"and det(C) det(C") = 1
1

det(A) = det(D)
!
det(A) = A A,

* Move to [V, | V, ] basis
 Scale
* Move back

05 2
A= -
31

=0.59 =~-0.67 || =321 0
=08 =0.74 0 =17

* Compute A, A, from det (A -A1) = 0
* Compute V,, V, from (A-A NV =0
* Choose the scaling of ¥, and V, independently

* Choose A, A, (A, # A)
* Choose independent ¥y, V,
 Build Cand D
*SetA=CDC"

=0.76 =0.68
=0.82 =0.61

we may write X = rQ
with Q orthogonal
!
X'=(/mQ"

1
A=XSX'=(rQ)S((1/1 Q")
=QsQ"

!

A is rotation-scaling
of the standard basis

A= XS X
expltA) = X exp(tS) X

A= XS X and det(X) det(X") = 1
det(A) : det(s)
det(A) -‘ az + B2
deth- INR

* Move to [ Re | Im ] basis
* Rotate and scale
* Move back

05 -1.2
A= -
1 15

=034 =0.66 1 =097 0 =148

=067 0 =097 1

* Compute A, = a = Bifromdet(A-Al) =0
* Using either A or A,
compute one X from (A-A D)X =0
* Choose the scaling of X
* Split X into Re and Im

* Choose a, Bwith B =0
¢ Choose independent Re and Im
 Build Xand S
e SetA=XSX'

=152 =0.76

the vector B W must be a scalar r;lulﬁ;:>le of ¥
{

Bw=sV

8 [\7 a]- [as w]- [v a][z ;]
Therefore C'B C = [0, 5], [0, 0] ]
andC"AC=[[A,s][0,A]]

'

canonical J with J , = 1 is obtained iff I s | = 1
Equivalently, for the original matrix A,

canonical J with orthogonal C occurs iff FA-ATI_F =1

(for the 2x2 defective case, equivalently | b - c | = 1)
A=Crc
expltA) = C exp(t)) C"

A =CJC"and det(C) det(C") = 1
i

det(A) = det(J)
i
det(A) = A

* Move to [ V| W ] basis
© Shear and scale
* Move back

045 =129
=044 195

A=

1.2 08|12 1 1.25 =071
07 14 0 12 || =063 =107

¢ Compute the repeated A from det(A - A ) = 0
eSetB=A-AJ
* Find the eigendirection from B V = 0
* Choose W outside it
(may choose W orthogonal to it)

* Scale W arbitrarily

*SetV=BwW
® Build C = [ V| W ] and use the canonical J

* Choose A
¢ Choose the desired eigendirection
* Choose W outside it
(orthogonal if desired)
* Choose a nonzero V on the eigendirection
*BuildC=[VIW)
¢ Use the canonical Jordan block J
*SetA=CJC?
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