
Matrices with one repeated λ

Solving det(A - λ 𝐼) = 0:
(a - λ) (d - λ) - bc = 0

↓
λ² - (a + d)λ + (ad - bc) = 0

↓

↓
A has a single λ if

(a + d)² - 4 (ad - bc) = 0
↓

a² - 2ad + d² + 4bc = 0
↓

case ①: b ≠ 0
↓

↓



To find the eigenvector(s), we solve the homogeneous system

λ was computed so that det(A - λ 𝐼) = 0
↓

↓
we have one system (for the single λ) with one free variable

↓
eigenspace(A) has one dimension

Use the first row and choose free variable x₁ = 2b:

↓
(a - d) b + b x₂ = 0

↓



x₂ = d - a
↓

One particular form of such A has a = d, b = 1, c = 0:

case ②: the transpose of case ①

case ③: b = 0 and c = 0
↓

a = d and λ = a
↓



↓
Both equations are always true

↓
x₁ and x₂ are both free variables

↓
every nonzero vector x⃗ is an eigenvector

True for case ①, ②, and ③:
(A - λ 𝐼)² is a zero matrix

The single λ condition
(a - d)² + 4bc = 0

becomes
u² + bc = 0



Therefore
(A - λ 𝐼)² = 0

If A is not a uniform scaling matrix, rank(B) = 1,
so there is a vector w⃗ such that B w⃗ ≠ 0⃗

Denote v⃗ = B w⃗
Since B² is a zero matrix, B v⃗ = B B w⃗ = 0⃗

↓
(A - λ 𝐼) v⃗ = 0⃗

↓
equivalently

every nonzero vector produced by B is an eigenvector of A

Relevance of this concept, as well as J and Jᵀ, will be shown on the next page

──────────────────────────────

Similarity transformation of Jordan block

Similarity transformation is a transformation of type:
A = C J C⁻¹

↓
J = C⁻¹ A C



Suppose J x⃗ = λ x⃗
↓

C⁻¹ A C x ⃗= λ x⃗
↓

A C x⃗ = C λ x⃗
↓

A (C x⃗) = λ (C x⃗)
↓

• λ is an eigenvalue of both J and A
• (C x⃗) is an eigenvector of A

similarity transformation allows us to compute powers of A as

On the previous page, we showed that every nonzero vector produced by B = A -
λ 𝐼

is an eigenvector of A

Choose w⃗ so that B w⃗ ≠ 0⃗
Define v⃗ = B w⃗

↓
• B w⃗ = v⃗

• A v⃗ = λ v⃗

The vector w⃗ is called a generalized eigenvector:
w⃗ is not an eigenvector of A, but (A - λ 𝐼) w ⃗is an eigenvector of A

B w⃗ ≠ 0⃗, so w⃗ cannot be a scalar multiple of v⃗
↓

C = [ v⃗ | w⃗ ] is invertible



Rearranging the similarity condition:
A C = C J

A C = A [ v⃗ | w⃗ ] = [ A v⃗ | A w⃗ ]

Since B w⃗ = v⃗,
(A - λ 𝐼) w⃗ = v⃗

↓
A w⃗ = λ w⃗ + v⃗
and A v⃗ = λ v⃗

↓
A C = [ λ v⃗ | v⃗ + λ w⃗ ]

↓

Therefore
A = C J C⁻¹

The scales of w⃗ and v⃗ are coordinated by v⃗ = B w⃗
Once the scale of w⃗ is chosen, the scale of v⃗ is determined

This differs from ordinary diagonalization, where the eigenvectors may be scaled
independently

For n ≥ 2,



More generally, if λ ≠ 0 and λᵗ is defined (with a branch chosen when necessary),

Choosing a basis by matrix type
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Matrices with repeated λ: table
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