
Uniform scaling
A = C D C⁻¹

A x⃗ = λ x⃗
for every nonzero x⃗

λ = 1.5 > 1

λ = A₁₁ = A₂₂
 = D₁₁ = D₂₂

↓
C D = D C

↓
any invertible C is valid

shown here:
C = [ e⃗₁ | e⃗₂ ] = I
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Upper-triangular
A = C D C⁻¹

λ₁ = A₁₁ = 1.1 > 1
λ₂ = A₂₂ = 2 > 1

x⃗₁ is a multiple of e⃗₁
x⃗₂ is usually not e⃗₂

C = [ x⃗₁ | x⃗₂ ]
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General
non-symmetric

A = C D C⁻¹

λ₁ ≈ 3.212 > 1
λ₂ ≈ −1.712 < −1

two x⃗ ∈ ℝ²

x⃗₁ ⋅ x⃗₂ ≠ 0

C = [ x⃗₁ | x⃗₂ ]
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Symmetric
positive λ

A = Q D Qᵀ

λ₁ ≈ 2.321 > 1
0 < λ₂ ≈ 0.879 < 1

x⃗₁ ⋅ x⃗₂ = 0

neither eigenline

Q = [ x⃗₁ | x⃗₂ ]
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Symmetric
negative λ
A = Q D Qᵀ

−1 < λ₁ ≈ −0.879 < 0
λ₂ ≈ −2.321 < −1

x⃗₁ ⋅ x⃗₂ = 0

both eigenlines

Q = [ x⃗₁ | x⃗₂ ]



──────────────────────────────

Symmetric
mixed-sign λ
A = Q D Qᵀ

λ₁ ≈ 2.603 > 1
−1 < λ₂ ≈ −0.403 < 0

x⃗₁ ⋅ x⃗₂ = 0



the positive-λ eigenline

Q = [ x⃗₁ | x⃗₂ ]
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Projection
also symmetric

P = Q D Qᵀ

x⃗₁ = col(A) direction
λ₁ = 1



x⃗₂ = ℓ-null(A) direction
λ₂ = 0

x⃗₁ ⋅ x⃗₂ = 0

the λ = 1 eigenline

Q = [ x⃗₁ | x⃗₂ ]
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Reflection
also symmetric

R = Q D Qᵀ



x⃗₁ = mirror direction
λ₁ = 1

x⃗₂ = orthogonal direction
λ₂ = −1

x⃗₁ ⋅ x⃗₂ = 0

the mirror line

Q = [ x⃗₁ | x⃗₂ ]
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Diagonalizable matrices with λ ∈ ℝ
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