lllustration of permutation method

Permutation method
(not used in practice for computation, mainly of historical significance)

11 12 13 14

. . 21 22 23 24
Consider a 4x4 matrix M =

31 32 33 34

41 42 43 44

There are 4! = 24 possible ways to reorder column indices {1, 2, 3, 4},
called permutations o
Each permutation has a sign:
positive if there is an even number of inversions in the sequence
negative if there is an odd number of such inversions

List of permutations of {1, 2, 3,4 }:
>O1={1l213l4}
inversions: none; sign: positive
g m11m22m33m44

»0,={1,2,4,3}
inversions: 4—3; sign: negative

m11m22m34m43




>03={1l3I2l4}
inversions: 3—2; sign: negative

g m11m23m32m44

~0,={1,3,4,2}
inversions: 3—2, 4—2; sign: positive

g m11m23m34m42

»o0.={1,4,2,3}
inversions: 4—2, 4—3; sign: positive

g m11m24m32m43

>06={1I4I3l2}
inversions: 4—3, 4—2, 3—2; sign: negative

g IrT]11rT]24rT]33|rT]42

~0,={2,1,3,4}

inversions: 2—1; sign: negative



>
m12m21 m33m44

’08={2l 1I4l3}
inversions: 2—1, 4—3; sign: positive

m12m21 m34m43

’09={2l3l 1l4}
inversions: 2—1, 3—1; sign: positive

>
m12m23m31 m44

+0,=12,3,4,1}
inversions: 2—1, 3—1, 4—1; sign: negative

>
m12m23m34m41

>()-11 ={2l4l 113}
inversions: 2—1, 4—1, 4—3; sign: negative

m12m24m31 m43




>()-12={2141311}
inversions: 2—1,4—3, 4—1, 3—1; sign: positive

g IrT]12rT]24|rT]33rT]41

-0,=1{3,1,2,4}
inversions: 3—1, 3—2; sign: positive

g m13m21 m32m44

~o0,={3,1,4,2}
inversions: 3—1, 3—2, 4—2; sign: negative

g m13m21 I’T-]34rﬁ42

’015={3l 2[ 1l4}
inversions: 3—2, 3—1, 2—1; sign: negative

g m13m22m31 IrT]44

-0,={3,2,4,1)

inversions: 3—2, 3—1, 2—1, 4—1; sign: positive



g m13m22m34m41

>()-17={3l 41 112}
inversions: 3—1, 3—2, 4—1, 4—2; sign: positive

g m13m24m31 m42

>018={3’4'2’1}
inversions: 3—2, 3—1,4—2,4—1, 21, sign: negative

g m13m24m32m41

-0, =1{4,1,2,3}
inversions: 4—1,4—2, 4—3; sign: negative

g m14m21 m32m43

’020={4l 1l3l2}
inversions: 4—1,4—3, 4—2, 3—2; sign: positive

g m14m21 m33m42




021 ={4l 2[ 1l3}
inversions: 4—2,4—1, 4—3, 2—1; sign: positive

g m14m22m31 m

o,={4,2,3,1}
inversions: 4—=2,4—3,4—1, 21, 3—1,; sign: negative

g m14m22m33m

o,={4,3,12}
inversions: 4—3,4—1,4—-2, 3—1, 3—2; sign: negative

g m14m23m m

024={4-l3l 2[ 1 }
inversions: 4—3,4—-2,4—-1, 322, 3—1, 21, sign: positive

> +m14m23m m,,

* [Mlis a sum of n! = 24 terms
* Each permutation o contributes one term & provides the sign of the term
* Each term has n factors



e Each factor is an entry of M chosen as follows:
M entry from column o(i) in row i

This algorithm generalizes to any n
How this ties with the algebraic definition:

@ Swapping rows of M reverses sign of IMI:
swapping rows will reverse the sign of every term

(@ Scaling one row of M by a constant scales IMI| by the same constant:
scaling one row will scale every term by the same scalar

@ Adding a multiple of one row of M to another row leaves IM| unchanged:
adding a multiple of another row produces cancellation
because terms come in pairs with opposite signs
when two rows “compete” for the same column choice

LA

lllustration of cofactor expansion method

Cofactor expansion method
(not used in practice for computation, mainly of historical significance)

11 12

(D Consider 2x2 matrix C =

21 22



| C | = C11C22 - C12C21

(row reduction is one way to derive this formula)

m11 m12 m13
@ Consider 3x3 matrixM= | m, m, m,
B m31 m32 m33 ]

| M | can be computed by expansion along any row or column:
will choose row 1 for this illustration
(for computational efficiency, you can use any row or column with the most O

entries)
m,, | My m,, | My m,, | M,
m,,x -mg,X + M,
m,, | My, My, | My, m,, M,

same row-1 expansion schematically:

> Note alternating signs of each term

> Each term uses a minor IMjjl; the cofactoris C1j = (—=1)"* IM 4j

n

» More generally: | M | = Z (m1j C1J')

=1

The 3x3 example demonstrates the recursion:
each determinant is reduced to several smaller ones
For larger matrices this quickly becomes impractical,



so determinant computation is done using row reduction
Optional content

How this ties with the algebraic definition:

(D Swapping rows of M reverses sign of IMI:
In cofactor expansion, the sign is tied to the row index
Swapping rows moves entries into positions with opposite signs, so every term
changes sign

(@ Scaling one row of M by a constant scales IMI| by the same constant:
We can expand along any row or column, thus,
scaling any row will scale every term by the same factor

@ Adding a multiple of one row of M to another row leaves IM| unchanged:
* Calculate | M | by expanding along row 1 (r1):

n

IM | = Z(muCn)

j=1
* Create a new matrix N identical to M except r1(N) = r1(M) + s r2(M)
* Calculate | N | by expanding along row 1:

n

IN|= Z((mu +Sm2j)C1j) =

=1

Z(mu C1j) +s Z(mszn)
j=1 j=1

® The first sum is exactly IMI
* The second sum equals | O |, where O is M with row 1 replaced by row 2
In O, rows 1 and 2 are identical



* From (1): swapping rows 1 and 2 negates the determinant, so Iswap(O)l = —|Ol
But swap(O) = O (matrix is unchanged), so | O =-lO=101=0

Therefore:
INI=|M|

m

One combinatorial algorithm, two names:

Recursive algorithm:
(@ lterate over all choices for the first element
@ Form the inner set from the remaining elements
@ Repeat D2 until the inner set has two elements, a and b
@ Return{a, b}l {b, a}l

* S, = all permutation lists of n elements
* Sh = permutation lists inside the corresponding submatrix
e ¢ = full list: first choice + remaining choices
® T = remaining choices inside the submatrix



» pivot m__ »o0,={1,2,3}
r1={2,3} inversions: none; sign: > 0
- +m11m22m33
. My | My
» submatrix
m32 m33
> pivot m_ »0,={1,3,2}
r1={3,2} inversions: 3—2; sign: <0
T MMMy,
. My | My
» submatrix
m32 m33
* pivot m *0,={2,1,3}
»1={1,3} inversions: 2—1; sign: <0
P MMy, My,
. My | My
» submatrix
m31 m33
> pivot m_, *0,={2,3,1}
r1={3,1} inversions: 2—1, 3—1; sign: > 0
g +m12m23m31
. M, | My,
» submatrix
m31 m33
> pivot m_ »o,={3,1,2}
r1={1,2} inversions: 3—1, 3—2; sign: >0

| m,

m22 .|

*+m._m I'Y'l32

[ s



» submatrix
m32

> pivotm »os={3, 2,1}
r1={2,1} inversions: 3—2, 3—1, 2—1,; sign: <0

L -
m13m22m31

22

» submatrix

31

One combinatorial algorithm, two names:

Recursive algorithm:
(D Iterate over all choices for the first element
@ Form the inner set from the remaining elements
@ Repeat M2 until the inner set has two elements, a and b
@ Return{a, b} {b, a}l

* S, = all permutation lists of n elements
* Sh1 = permutation lists inside the corresponding submatrix
e ¢ = full list: first choice + remaining choices
® T = remaining choices inside the submatrix



* pivotm_

» submatrix pivot m,, - o= {1,2, 3,.4}
r1={2,3,4} inversions: none; sign: > 0

T m, MMM,

22 23 24

» submatrix m,, mg m,

| 42 43 44 _
* pivotm_
> submatrix pivot m,, o f’g ={1,2, 4,. 3}
»1={2, 4, 3} inversions: 4—3; sign: <0
MMMy My

22 23 24

» submatrix | M m. om,

| 42 43 44 _
* pivot m
, submztrix pi\rot m »0,={1,3,2,4}
23 inversions: 3—2; sign: < 0
T = { 3, 2, 4} '

F-m,m,m,m,,

m22 m23 m2~1
» submatrix my, | m, | m, ﬁ
m m m

42 43 44

* pivotm_ B
> submatrix pivot m_ _ 0, = {1,3,4, 2}_
»1={3,4,2} inversions: 3—2, 4—2; sign: > 0

g +m”m23m34m42

m,, m23 m,,
» submatrix m,, | m,  m, ﬁ
m_ . m_ ' m

42 43 44




> pivotm_

* submatrix pivot m,,

*1={4,2,3}
m m
22 23
» submatrix my, | M.,
maz m43
* pivotm

24

34

a4

» submatrix pivot m,,
*1={4,3,2}

*0,={1,4,2,3}
inversions: 4—2, 4—3; sign: > 0
" +m11m24m32m43

il is

’06={1I4l312}
inversions: 4—3, 42, 3—2; sign: <0
F-m,m,m,m,,

=5

m?,?_‘ m23 m24 .: -:
» submatrix | M. m, M
m42 mds maa
* pivot m
» submatrix pi\;:at m *0,={2,1,3,4}
21 o . .
NV and M ' <
»1=1{1,3,4) inversions: 2—1; sign: <0
|
m12m21m33m44
m21 m23 m24
» submatrix | M, om, M,
mm m43 m44
* pivot m
» submatrix pi\;:at m *0,={2,1,4,3}
»1={1,4,3) . inversions: 2—1, 4—3; sign: > 0
! !
" +m12m21m34m43
m21 m23 m24
» submatrix | M. M om,,
mm m43 mm

» pivot m,,




* submatrix pivot m,,

*0,={2,3,1,4}
inversions: 2—1, 3—1; sign: > 0

*1={3,1,4}
. +m12m23m31m44
m?1 m23 m?_d
» submatrix | m, Mmoo ﬁ
m-ﬂ maa m44
* pivotm,,
» submatrix pivot m,, _ . ;,10 1‘ {321 ::" :' 11} . .
27,371,471, 1 <
rT = { 3’ 4’ 1 } inversions , , ; sign
T MMMy, M,
m?1 m23 m:’d
»submatrix | M. m, ﬁ
m41 mt‘l'J m/M
* pivotm,,
* submatrix pivot m,, . . ;’n 1’ {42' ‘:' l: 3; . 0
A - -3, 1 <
r1={4,1,3) inversions , , ; sign
T MMMy My
m}’] m?li m24
» submatrix | m, @
m‘” m43 md-t
* pivotm,,
* submatrix pivot m,, _ e o c1’1z4‘ { 32' :'r 31' 13} o .
12— - o -1 © >
» T = {4, 3,1 } Inversions , , , ; sign
" +m12m24m33m41
m2’1 m}’l! m24
» submatrix | M. om, M %
m41 m"lil mAM
* pivotm

[N QUi S X

P

r0.=1{3,1,2,4}



T supmatrix pivotim,, ) ) 133 - - 3 . 2 - 0
. _’ _’ . .
T = { 1, 2' 4} Inversions: 1, ; sign: >

' +m13m21m32m“

m21 mi’l’ m:“1
» submatrix | M. m, M ﬁ
m, |m, 'm

* pivot m

» submatrix pivot m,, _ "0 = {3.1,4,2} .
*1={1,4,2} inversions: 3—1, 3—2, 4—2; sign: <0

*-m,m,m,,M,

m21 m:>:> m:m
» submatrix | M. om,, ﬂ

* pivot m,

* submatrix pivot m,, *0,=1{3,2,1,4}
r T = { 2' 1' 4} inversions: 3-’2, 3—’1, 2—’1; sign: < 0

F-m,m,m,m,

M, | My, (M,
» submatrix | m, ﬁ
m.|m,_ ' m

* pivotm

» submatrix pivot m,, . . r0,={3,2,4,1} .
v1={24,1} inversions: 3—+2, 3—+1, 2—1,4-1;sign: >0

"+ m13m22m34m41

m:’l m22 m:’a
» submatrix | m.omm,, ﬁ
m, 'm, m,

* pivotm
* submatrix pivot m,,

»0_={3,4,1,2}

lmtimvalmmas D_ a1 D209 A_a1 A_iN. dldaao N



r1={4,1,2)} INVETSIONS: 377 1, 3774, 47 1, 4™7Z; SIgn: 2> U
! '
. +m13m24m31m42
mm m:’:’ m24
» submatrix | m, o m
m-ﬂ m42 m4.1
* pivot m
* submatrix pi\;:at m *0,={3,4,21}
v1={4 2 1 “ inversions: 3—+2,3—1,4—2,4-1,2-1;sign: <0
T= { 1 &y }
L
m13m24m32m41
m?] m;’? m24
» submatrix | M. om,, M
m41 md? m‘m
* pivot m
» submatrix pi\;:)t m *0,={4,1,23}
21 . . .
: 4 - -3, 1 <
r1={1,2, 3} inversions: 4—1,4—2, 4—3; sign: <0
L.
m14m21m32m43
m21 mi’? m.”li
» submatrix | M. om, M
mAI ma:) m43
* pivot m
» submatrix pi\;:)t m »o0,={4,1,32}
R “ inversions: 4—1,4—3,4-2,3-2; sign: >0
1={1,3 2}
. +m14m21m33m42
m21 m?? m?3
» submatrix | M. my,
m‘“ m42 m43
* pivotm

» submatrix pivot m,,
r17={2.1.3}

»0, ={4,2,1,3}
inversions: 4—2,4—1,4-3,2—1;sign: >0



m?1 m22
» submatrix | m, M
m41 m-‘l2
* pivotm,
» submatrix pivot m,,
»1={23,1}
m?1 m22
» submatrix | M.
m41 m42
* pivotm,,
* submatrix pivot m,,
*1={3,1,2}
m21 mza
*» submatrix | m, M
m<11 m42
* pivotm,,
» submatrix pivot m,,
*1={3,2,1}
m21 m??
» submatrix | M. m,
m41 mfl?

23

33

33

43

33

43

" +m14m22m31 m43

<

*0,={4,2,3,1}
inversions: 4—2,4-3,4-1,2-1,3-1,;sign: <0
Y -m,m,,m,m,,

2 o

~0,={4,3,1,2}
inversions: 4—3,4—1,4-2,3—1,3-2;sign: <0
T -m, mym,m,,

*0,,={4,3,2,1}
inversions: 4—3,4—2,4-1,3-2,3-1,2-1,sign: >0
" +m14m23m32m41







> first-row factor b,
ro0=(2,3)

> minor matrix

32

> first-row factor b,
»r0=(3,2)

22

» minor matrix

23

33

23

*T1,=(1,2,3)
inversions: none; sgn(T) = +1

»+b b._b

1122733
*T1,=(1,3,2)

inversions: 3—2; sgn(t) = —1
»-b. b. b

> first-row factor b,
»ro=(1,3)

» minor matrix

> first-row factor b,
»ro0=(3,1)

> minor matrix

23

33

23

33

11723 32
*1,=(2,1,3)

inversions: 2—1; sgn(t) = -1

»-b b b

12721 733

= Tk

*1,=(2,3,1)
inversions: 2—1, 3—1; sgn(t) = +1

»+b b._b

> first-row factor b,
ro0=(1,2)

b,

l:)22 ]

122331
*T,=(3,1,2)

inversions: 3—1, 3—2; sgn(t) = +1

»+b _b. b

13 721 32

[ s




* minor matrix {
b
31

.| E A

> first-row factor b, | *T,=(3,2,1)
ro0=(2,1) inversions: 3—2, 3—1, 2—1; sgn(t) = -1
. 'b13b22b31

b21 b22
* minor matrix
b31 b32 ‘




> first-row factor b |
* minor matrix pivot b,

*0=(234)
b22 ' b23 , b24
*minormatrix | b b, b
b 2 b-lﬁ b44

> first-row factor b,
* minor matrix pivot b,,

r0=(2,4,3)
b22 bea b24
»minormatrix | b b b,
b, b, b,

> first-row factor b |
* minor matrix pivot b,
r0=(3,2,4)

b
* minor matrix b
b

> first-row factor b,
* minor matrix pivot b,
*0=(3,4,2)

b
» minor matrix | ©.
b

> first-row factor b |
* minor matrix pivot b,,

e~ AN DN

*1,=(1,2,3,4)
inversions: none; sgn(t,) = +1

i +b11b22b33b44
»1,=(1,2,4,3)
inversions: 4—3; sgn(t) = -1
" -bnbzzb.ubas
bT3=(1,3,2,4)
inversions: 3—2; sgn(t) = -1
*-b b b_b

11723 732 " 44

oL

c1,=(1,3,4,2)
inversions: 3—2, 4—2; sgn(t) = +1
*+b b b b

11723734 42

o o

*1,=(1,4,2,3)
inversions: 4—2, 4—3; san(t) = +1




TU=E 4, 4,9)

b
* minor matrix b
b

> first-row factor b,
* minor matrix pivot b,,
»0=(4,3,2)

b
» minor matrix | ©
b

- +b.b b b

11724 732743

b1,=(1,4,3,2)

inversions: 4—3, 4—2, 3—22; sgn(t) = -1

253

> first-row factor b,
* minor matrix pivot b,,

»0=(1,3,4)
b21 bzs b24
» minor matrix . by b,
b41 de bM

» first-row factor b ,
* minor matrix pivot b,
*0=(1,4,3)

b
> minor matrix b
b

> first-row factor b,
* minor matrix pivot b,
*0=(3,1,4)

[ 6. b, b, ]

" -b11b24b33b42
*1,=(2,1,3,4)
inversions: 2—1; sgn(t,) = -1
" 'b12b21b33b«
*1,=(2,1,4,3)
inversions: 2—1, 4—3; sgn(t) = +1
g +b12b21 b34b43
*1,=(2,3,1,4)
inversions: 2—1, 3—1; sgn(t) = +1
*+b _b._b. b

12723731 44

]Ei

o

BT T ——



o

» minor matrix | b, b

b ) E ﬁ
b

’T1°=(213l4l1)

> first-row factor b,
* minor matrix pivot b,

ro=(3,4,1) inversions: 2—1, 3—=1, 4—1; sgn(t, ) = -1
i 'blzbz;b:ubu
b21 b23 b24
»minormatrix | b b b, ﬁ
| b41 bdii b-M _

> first-row factor b,

* minor matrix pivot b,, _ _ *1,=(2,4,1,3)
ro0=(4,1,3) inversions: 21,41, 4-3; sgn(t,) = -1

*-b b b b

12724 731743

b?l b?3 b24
» minor matrix | b, b b @
b, b, b,

> first-row factor b ,
* minor matrix pivot b,,

*T1,=(2,4,3,1)

r0=(4,31) inversions: 2—1, 43,41, 3—1; sgn(t,) = +1
*+b b b b,
(b, b, |b,
* minor matrix | b | b, b, @ @ %
b,, | b,, | b,,

» first-row factor b 512
* minor matrix pivot b, . | r1,=(3,1,2,
ro0=(1,2,4) inversions: ?:t:,s—;z;bsgn(rﬂ) = +1

13721732744

b, ’ b
b31

R
L. L\’L\

b:»:)
' b32

* minor matrix



LU.n Ua:’ UMJ L1 .

» first-row factor b ,

* minor matrix pivot b, *'T,=(3,1,4,2)
ro=(1,4,2) inversions: 3—1, 3—2, 4—2; sgn(t,) = -1

*-b b b b

13721734742

b?:’ | b:m
b, b,

» first-row factor b ,
* minor matrix pivot b,,

b
* minor matrix | ©.
b

*1,=(3,2,1,4)

ro=(2,1,4) inversions: 3—2, 3—1, 2—1; sgn(t,) = -1
*-b b, b b,
b, b, b, |
* minor matrix | b, | b,, | b,, E ﬁ
b,, | b,, | b,,

> first-row factor b

* minor matrix pivot b,, '1,=(3,2,4,1)

r0=(2,4,1) inversions: 3—2, 3—1, 2—1,4-1; sgn(t,) = +1
*+b b, b b,
b, |b,|b, |
* minor matrix | ©._ | b, | b,, ﬁ ﬁ
] b, b, b, |

» first-row factor b,

* minor matrix pivot b,, _ . *1,=(3,4,1,2)
r0=(4,1,2) inversions: 3—1,3—2,4—1,4-2; sgn(t,) = +1

*+b b b b

2 b?? | b24
s
| b | b,

» firat-row fartar h

b
* minor matrix b
b




TITOL IWVY TN LWT A

13 _
» minor matrix pivot b,, T,=(3,4,2,1)

vo0=(4,2,1) inversions: 3—2, 3—'.1,-::—;2;)4;1, 2-1; sgn(t,) = -1
1322423241
b, b, |b, |
* minor matrix | o | b,, | b,, ﬁ
b, | b, |b,,

> first-row factor b, (41,2 3)
> minor matrix pivot b,, _ ' "=l s
ro=(1,23) inversions: 4—"1,3-;2;34;3; sgn(t,) = -1

14721732743

b

21

* minor matrix

> first-row factor b,

> minor matrix pivot b, . ’ *1,=(4,1,3,2)
ro0=(1,3,2) inversions: 4—1,4—3,4-2,3-2; sgn(1,) = +1

*+b b b b

1472173342

b21 b?? b?3
»minormatrix | b b b, ﬂ
b, b, b,

» first-row factor b,

* minor matrix pivot b& . . "1, = (4,2,1,3)
r0=(2,1,3) inversions: 4—2, 4—1,4—-3,2—1; sgn(t,) = +1

*+b b b b

1472273143

b;’ b22 b;’:;
* minor matrix | b, b b ﬁ
b, b, b

> first-row factor b,

> minor matrix pivot b,, _ _ *1,=(4,2,3,1)
»0=(2,31) inversions: 4—2,4-3,4-1,2-1,3-1;sgn(t,) = -1

*-b bbb




* minor matrix

> first-row factor b,

* minor matrix pivot b,
r0=(3,1,2)

* minor matrix

> first-row factor b,

* minor matrix pivot b,
r0=(3,2,1)

* minor matrix

21

T14T 227337 41

2 o o

»1,=(4,3,1,2)
inversions: 4—3,4—1,4-2,3—1,3-2;sgn(t,) = -1
»-b b b b

14723731 42

*T1,=(4,3,2,1)
inversions: 4—3, 42, 4—1,3-2,3-1,21; sgn(t,) = +1

*+b b b b

1472373274




